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Solutions to Cbmf&x meéla

Exam b

4. [t p(7~) Qo +R,R +.. +a,,z, be & foynomm./f Wit
Ge }:.LICIM+S m (E S}mw ‘/J\ﬂtt ;or 6u” lou‘L‘ pm,)'cé/ MM)/ we(f,,

Fxy-w has r distnct roofs in C.
Solhdion:  Suppose, z,, is & root of order k3R
Fizy-w =0. We make 7he fo//ooo/nj o bsersadions
(i) W = sako a root of Fm)-§ =0 we ha
F(zo)-w =0
% Flzn)-§ =o0
> w=§ Hen e F"f&ﬁﬂf"(ﬂ = P unlss w=s
(ohick is whso obvies a5 § 5 @ jzunm[)&n)
(L) W con wrik FRY= (z-2) b (=) whene
h, () is e polynomial o szm n-x  ond h,(z.) #0.
Nobia Hat Flew) = 5 (Fro>-c0)
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= Kk (z-%,) ho(zy + (z-2) A'(Z)l
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}{ML{ 7’7{2 Zelos g P(z)-—(,o ¥ mu#szmJy K2R o/e
clso Hhe 20405, cy ﬁl/x) Since #\U\C Cow{cléa ot m,os‘t
-1 dichned roats A F(R), There ase af most n-1 w
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for whih FT{w} contoing fewer Hon 1 eliments.
2. [e/‘f F C—(C be. cn-/fne_ a,nj S“f/"’S& }1(51);_5!

cohese 5' is the wnit circle . Show thot P(Z)—‘-RZJ, far
some d€ IN and (%] =

Selution: Lol LD, 5..., Wy be #awvs aﬂ Fin /D:‘

“izeCilxl<1% Lt Yo, (R) = <~ Wk

—

-,z -

Sine P($)c S' e have [fxy] =4 Forall €S

, B Fe=) _
s k) GRG0, ) Thea [seo] =4 Fer

dl =S and  [kl>o For ol ze B By masimum
I’WDJMJM /)l‘l'ﬂcfflt, [H/Z_))\< 1 on /D n /09&1‘74'6«/(04/‘,

[k(z)] =4 oN 5'. 0 min IK(Z-)I =4 Then
zelD
k(z) =4 on /D) 0#\”—/‘1«);52, #% MmN mum 13 /‘cp/@n ot

He point %o 6 [D. Sine Kz) #0 on /D, we can Hen
nploy the minimum moduls prinipl. Lo conclude ot

k() =x  Jor some xe (.

1t Follows Hot For o ze D, F=z) = p(jw'(ﬂ---jwd(z)'

6,,@5 #\2«17 F i JAQ 6?4261«[7[/@ a:ménamtxon 0? P(jw(z) " (2.)

to C. Thi lmf/»eg I Ld& B 7%2- I =P w=0
Hence F{z)acxzd Ma( Sinee IP(Z), i"/lxl ch/mowP( 6’9




()
3. Show ‘H\M'; For &n/ /za/omor/A;’(_ ﬁdmm[?’an ﬁ"/ﬁ"’/D

P(zl) - F(Z,z) =, -2,
Tt | © e

I-% =,
For oll 2,2, €. Shly He case, of cpualiy.
Solution:  Fix z,6 [ onol dbire - DD by
9 = %(z')" Fo ‘le  Where ¥, (2) = f(_-;a for Ixl<41.
Nobice Fhat 9(0) =0, Honce, by Schwarz Lomma,

[32)) s |zl For allze ). n porticalse,

Flz))-F
/ li)r:‘(zs(;; = [ (72 = [3(¢,) | <
s |y, =] = {T_'i__’z[

by Schwarz lemma, U Hhere exists 2o 61D sud Hhot
[9(z)] =)z lj(Z)) = |z te)(-bﬂ%/c&//% for all =
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| — F(z)) F(z2)
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LI", Show ’kut ,Por 6’44?)/ })olbmal‘fjn'c_ Fufﬁ(ﬂtfbﬂ F/D"’"/D

]F,(z)] |
= Fl® 51—
Fer 6\/“ = In 1Ll\.Q_ unit dise ID.
Solution: ot 0y () = x—Z& (Por lﬂ]<i>_ Then

| -
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({7;(2) = m M:X ILfo,((Z)]: m"

Now ¥ z, €D Consisler #he map j=/D'—>//O Jiven /;y

3= (le(z,)o ﬁo (Fz, | CCW/}/ j(o) =0 By S(/me [ewmm
- ly(zl)lg

(@) s 4. Now [§(0] = T ¥ (=)

_ o -iRE
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| Flz)] l
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| 5. W Fz) s }'POIDMOPFLI{L and by s o For Im=z o,
Show +hat

'F(Z.)"P(Za)) l;z_ -zo‘
| ()~ Przyy | [z -5 |
and [F12)] J
< ——
mbz) | mZ

So/u‘Hon: 3 = {Z,GCZ %nz>o§ Jz,no#. #w, Wppes
half plone. Define @ i If—ID (For e M) by

OP,X () = z:;—( . /V(ﬂ'/cz H\ﬁi &P‘x("() =0 &JZJ#\M,J
Pl (z) = 22X Dl g DI by

(z - )%
3= B0 Fe® . Thea 90) =0 by Schwar
lewmma  wie. know Hhat (9= < 1Z] Jor all =e ). M
pw%/m’(u
Pz - Fror|
[$(z) - Plzy |
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= |9(®. )| s I%J‘)):‘ EXEA
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J 1> [970)] = i
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b. Suppose Fis a }wlomarflw'c_ Momorzolmfsm of ID sud
Hat § has oo Fixed points. Show tot P must be
the icleatily
Solcdion: Gt o, 6 10 b He hoo Fixed points oF
Foolek g ()= 22— Then 9= uoFely is ex

| —RZ

QAA.’)'OMOIT}\)‘Sm ap /D ‘)LAAJL ?z'&% OS(&((“) M@’{ pr(ﬁ)#(l
Since j(o) =0, Sol»wm &/mma 46”{ s M
3] < Iz, Fw#mmom7 (e, (p) = @, (p) so i Pact
19()) = Iz]  ead therton g(z) =Pz Aqasn, uging
He p/K—CJ f‘o/‘nt ('Vx(/b), we See #‘Df: fo(z)ﬁece‘fg(z)
G:nsq/(ua‘,"//, 6'“'6-"—'10 Thig 3(2)72, @JZ’Q
Fliz) = @280 () = 4 (=) =%
Z ot IP denok +h m‘jl\t Mﬁ-f/m {z:,ee(z»o?.
U PP Jp i /w/omor/:/wfca,n_,f PN =1 Show Hat
@) [Pl s 1 and (i) "’sz}6 /2-'/
Fz) +| 2+

So}u‘ILfon; let O /P/—>//0 bhe j/wen é)y O(=) = :’_{_—’{

/ <2 L
Then 0 =0 and 012) = oy Debine g: D p
by §=0°8207 Nofiw #at 300y =0
(v) by Schwocz lemma and chain b |91y < 4 o
9’(e) = 0”(;).?’(1%#5 = () Thix 41> [¥1n]
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(L) 3]s /=1 so |6k s [6()] |, which gives
lﬁ(‘&)“l } /z_-[
F(z) + S |24 l
8, Does #Lwc, exist a Ao/omorfzz'c_ Funal)bq PlDe— ID suck
Wt P =% and P(%)=%7

Sa’u‘)"/on: Lot € /D GJZJ (F‘x(;c) = IO(__;:{ ‘ OLW
/ e -
Hhatt () (1=le®* — Tojel® .
Define §:iDr>p by 3(2)=(LPF(R)°F°‘FN)(Z)- Then
q(0) =0 anal , by Schwerz Lunma)

P / / / —, ? /
12 1900)] = [P5, ()] HONAOIE ’1—-10;((@1‘ | £ 0]
H;,ﬂ@) Since %Az above cajc«jaCA'z)n s valid for &M 0(6/0, we
9ct [— 1Pl
iz 7 ol
n the /)/\’zfen‘b Case
| =Py * I- % le-9 _ 2 8 _ R
| — 14)% = [ = Je-4 R TIR T3

’ﬁ'(%)’ s Foo bzb Fo Saﬂéfsszy Fhe. M%M,/I%/ T/\Q/Joﬂc o
such B exists.
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C]‘ % —me o ho/o mo/‘fl\'/'c pl.bnc,#:'oﬂ F-‘ /D-—>/D suyL -/-/\m{,
foy = % and Flo) = % " Wso, Vind sud an B 25 it
Unig ue,

So}u'tl':'onz Aa&fﬂ, we Can chm b)/ oézckz'nﬁ ‘IL/\AJb ‘ILAJC

I‘]P(Z)"z /
I~ J=)& 7 |F=))
Sinee |- Y%

] - g% ~ —523— = /F’(o)}, Lhe ybmalfon P muest

X=X

be 0 M‘llomwfzn’sm J /D. }lence_ ﬁ(z): C I—RZ, For

Some XE€ID and lcl=4.
NOUL) F(O)z C XX :{é 3‘//20/( pj(O) = C(,l’?‘z—]) = 3/‘_}‘

7} we aSiume D(G/R’ we 067[&./'/7 ‘H\.e_ %M‘l/bns
| ;

— —
=

CX
’% = c(I-&*)
Canca//:AS out ¢ , we 9eb I;NQ = ‘% of ReP-3x-L=0
Thy  (Rx#D)(x-R)=0 => x=-% ¢=-1
R
This Fz) is Wiigue , be comse C(CM:L') = 243 = %—

i'm/)//f,g X EJR. CH’LJ, con;ezun#/ X 15 A root % "2"(2"3“"&_
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lo. .Suffo;e, Y/D i—->//_) ’s /w/omof/%fc“ S/,ow M

[f(0)| -1zl P(0y] + [z
I = 1wz S ]?(z)] S T+ [F(o)] 1]

Solution: MI‘M j: ID—/) b)’ j= Lpﬁ(a)oﬁx w/wpe, |
By R) = e == . Sirw 9(0) =0, Schwarz lmma

I = Frey=
;m/z);’e,g M
Floy- F=) }
= < [z

Heve  [foy] - s < [Floy-F)| s IR (\ '-mF(Z)DS
s |z] ( [+ i?(‘””ﬁ(z)’)

Thus “3(0)1 -lz[ = (l+ “2(")“2-,>“2(2)I , /'amf/)/l'yﬁ |

18] - 2]
| + 18] 2]

On He other AMJ,

[ — Flo) f=) [
>
boy - $2) [z|

] {F(z)ll

imp Jfex,
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|+ Fio)] | Frzy| = T;Tf ( I?(z))-lF(a)l) Hen ce.
(z[ + o)) 2 1B=)) = 1] 12| | fzy) = ()-/F(o>|lzl> [Pz

JB(o)] + 1=
| = £ 12

Z “—’(z))

I Suppose } 1 IDi=>1D s /»o/omof/l,'c sucdy Hot Fiz?)] 2 2]
for all €l Show that Fis conclant.

Solution: Sinee o HOY =y oF(0) =0, we may
assume. F(x) = QR+ 8,24 4 For all ze i) We show Hoct
the assumplion  [Piz)| < [Pe?)] implies Hat each g =0,

f not, Lt 8, ke the fint cllivett st. g, 2o

Then Fiz) = ak2k+ amgkﬂ+,,,+ and
‘ R&+R
51(2'?) = QKZ”{-{— &, < +—f—...
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by an W]’wﬂcﬂﬁ Hoat refl,‘my!q Yo pmoﬁ A W Schwere
lomma = we howve

F(z*
1'5' Bp(z.)l ! i 7 l(zgkl 2 O Aﬁ'ﬂ&
- )Zkl ) e l
| F(z)| | P22 | K
o] = lim g S e S IR | —>o0

R1—>0



