Math 742 Complex Variables Exam 3

The following problems were featured on qualifying exams in complex analysis at the
graduate center. Submit your work on any 5.

1. Let f(z) = ay + a1z + -+ + a,z™ be a polynomial with coefficients in C. Show that for
all but finitely many w € C, f(z) — w has n distinct roots in C.

2. Let f: C — C be entire and suppose f(S1) = S1, where S is the unit circle. Show that
f(2) = az?, forsomed € Nand |a| = 1.

3. Show that for any holomorphic function f: D - D,
f(z1) = f(z2) Z1— 23
1- f(Zl)f(ZZ) 1-22

for all z;, z, in the unit disc D. Study the case of equality.
4, Show that for any holomorphic function f: D - D

@ 1
=P = 1-12P

for all z in the unit disc ID. Study the case of equality.

5. If f(2) is holomorphic and Imf(z) = 0 whenever Im(z) > 0, show that

If(@) — f(@)l _ |z~ zl
|f(2) - f(Zo)l |2 = 2]

and
@l _ 1
Imf(z) ~ Im(z)
6. Suppose f is a holomorphic automorphism of the unit disc ID such that f has two fixed

points. Show that f must be the identity.

7. Let IP denote the right half-plane {z: Re(z) > 0}. If f:IP — P is holomorphic and
f(1) = 1 show that

(i) 1f'(M <1and

f(z) 1
f( )+1

z—1
| forall z € P.
z+1



8. Does there exist a holomorphic function f: D — D such that f G) = Zand f! G) = g?

9. Is there a holomorphic function f: D — D such that f(0) = 1/2 and f'(0) = 3/4? If so,
find such an f. Is it unique?

10. Suppose f: D = D is holomorphic. Show that

£(0)] = |2] £ (0] + 2]
-1 = VO = T o]

forall |z| < 1.

11.  Suppose f:ID — D is holomorphicand |f(z?%)| = |f(2)| for all z € D. Show that f is a
constant.



