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The Nested Interva)
Theorem

How can a b/m/ ,De,a(fmzrz‘c,'a,n meds jefe. 1’74@ /fez?/i\ J A
hilol T Givenr Hat Ho dockor 15 daller Han He Al
onsder he Fa//awz’/ﬁ Si«ﬁg@sﬁao/ /ofoceo/m:
Step 4 : Sw;’ﬁj Mo arm ad shouoler leved so as
+-0 5147,0 The Céf/e/ 145 woill be a <miss® Call 2 7y, NexZ£,
Swzhé He arm al Kknee— loed Fo oban a %'ﬁf’(mxl‘éeaj
by voca lizations From Hhe aé.«/a}) Coll i+ 4,
Nok Hat the achal heigth b He child, c, satihres h<c<m,
StepRt Try to shp the child hallioay betoces fhe
Shouloler- and koee - leved. W Hhe resi St s e/f"c,.-%#ﬁ
vocadizodions Srom Hhe kil mark e restt as e “hit“ly).
Obhereoise mark /7 a5 & “mis” (my). W He residt 55 5y,
re-lable m,=m, U 2he residt s my . re-labl h=hs.

Na?l.f'(_z, 7%,4; /Jﬂ<c-¢ﬂ7’z W mﬂ-—A,?: ”’g}?r

57%,’0/?: }/ﬂvfnj Db'/a,ne@/ }7”_’ aa,j 29,0 59)/303 Mp.}d{s
bf/w /74'"? M '029-1 ¢ ‘Z‘@ééﬂ JAE« /lf":’»tJlfj: 9*‘ 7%'5 exﬁ@/‘/}né/)zl%

A8 e el by, of "7, a&%ﬂﬂfj on #x presepce of absenca O
Voakf-'zaj'/m S.«’g/zajs_ Re - leob e C’,/"/X-e(“ )7,,_,'—‘ n of m,_= 7,
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Wobce Hhat hp<c<m, aod my-hy= Dot
&)ﬂ%/ﬂﬂ.c n 7%/‘; oe_ﬁSZ/ﬂ/? M:h/ealﬂf%-bﬂ?,

Lor 4 #ns Pre cw/u/& be- /ﬁa ,a/‘;‘aje, Eo adf)ﬂ?ﬂm %L exadz
}w?//.;!: N He /%}b/:#?’ The answer /s yes” m R, Put.
JO/E we @x/ﬂ(ﬂdl) wé)/ s /s, we wirl needd Fhe pa//owa:j
DbSMWULJaI?

Thm: A mono kone., é’DMeU seguelce of /Eﬂjﬁtbrﬂé-ﬂf‘f

Converies i K.
Pr‘aop Le A {%}p,,c /ﬁ 126 mOIZO‘IZa/L& Mj .éom‘,[g_‘j

LJe ﬁﬂs‘f'ﬂ(f/wﬂa Hhod )rﬂ-’ﬂf s 'ba’\fiazfzhj f‘fw /s Zm € Xp

heneser m<h), Nowo, e S2.3 1 bovendeod, e mx@j

set Z*Suzjzn (& reat member), e mz//réow
713

n—=2e9
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Let €>0. Since z—e<z=”% %y, W€ st hae x> x-€

for some N By Hesr, hor ey 03N, 1o have X-6<2y<z,% Z.

(LJJ')\/?) Thats 5. |z-2z]< € Sor ol 03/\/_ &Dﬂkyﬂg/ﬁ/é;) f%}
Converges and 2= sup Xy = lin %n.

peV N—2 co
J:imy;', 2/’ Mnf /s oéawmf), aaﬂs.-b/zf %c fiowwmg Sejue ) ez
28, from the it park o He prook, §-2,3 conerges to

5;«5}“76,7) = “;}%ﬁ/ﬂﬁﬂ o then  Foloeos Hat $2, 8 comrer ey fo

b 2.

NeN y

The Mot Tndervad Theorem: W ST,0.0 s a sguence o
d/)th, bokfzo&oj, 90/’@407/07‘/ zh?éfM b R w:”ﬂ I, QI_? 9_[9'-3,,._’_

4hen ﬁIﬂ # 0 %, n aou}ffoﬂ, é,pé}/{l;,)—)l)’ hen !EI”

=}

(0/77;&./30{ )ofac,;’sg,/)/ oNe /0010'7’/;\.
Pf‘oaﬁi &)/‘1'%_ Eﬁ-ﬂ, bﬂJ_ 777}/1 Iﬂ DIﬁ.” measss M ﬂﬁ‘sgﬂﬂ

SbaaShy Rt alln. Thus, a=ly 0= s ta. 00

=30

b= lm bﬂ 2,’725 27;7 Z‘)a% ex/s7 (4’5 ﬁ;}o/sje /\fa,/ ﬂdtfné&/"\)w

120

Saf:'sﬁy A< b (&be?) Tfuos we MM‘/W ézn =£ﬂ»é].
Indecd, ¥ 2T, for all 0, Hen tpsz2<b, 5 alln sn)
hence asz<b. ﬁaﬂz/wsezj), o s x<s b, Huy aasx<h, lor

ol 0. That is, xeI,, br all n Fnally, of é;,,—ﬁ,;--"é%%(l;)
0, Fhent a=b and so ﬁ%’fﬂ%.
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Ex, (R) Please pote But ity essenbal Huod e mirmads el
M the nesded intera) Pheorerm be boH choses and borepiled.
Indeed, ] [0.00) =2 an.) /7(0 %) = 8.

Suﬁoo% Hat f]},f /s & seqpence A chose] intervats ot
I DI,,.H , hrall 2 aed i, &,57//{1,)»0 an—sco. Y
OIH”{Z? %H?M)’Wa pﬂ/oo,wf; f,’l;,,z 1(,«.7/7%%961;7

For all 0, mest converne to z, (thy?)

T}LQ, /VM#C#, Iﬂ*ﬂf‘w T}LM/'M? (,.JJ'//P/'DVE. #0 be, A V‘.’/f“)’ W }aa/
1 Fhe pext Jewo 2’*'0/9;35_

!i o Jec  Sebs

0«9: A st P callest ,ae,rfeaﬁ At 34"2/07£V or it i5 @
Aoseod set and ecery point K Pis a lonit poins A P
Ex, (&) JR, (-00, 2], and [, ) a5 wedl as any i) and
bouleel interml [a,6] (2<6) are perbect scbs, ((ohy!)

(b) The sets (a.b), [a.6]10fc (b<c) R, anl B\ &
ere not perfed seds, The sets (4.5), B, anl BNR Far'/ ﬁ'-D
be closed, even %cwﬁ eery poinh in each o Hese sets ls a bt

point= A #e sets. The sed La,é;}u;cf Saik o be a/gepﬁ&;/
Setr, be cawse. ¢ zsﬂaﬁafmoifoomﬁ & L&b]U Y,

(€) Lok ‘jzni | e com/agmﬁ n (M), Thabs 15 2,,-—?52
. Then Hhe. st T2, 0233 U{2} s mot perlect Althoug)
He sk Is dos@’, 0!?/7 x /s a hmt pam#,
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No*’m ‘féaf\ n ajl J ﬁ}l—t Mﬁ?m /XSJGJ €XM'J/0/M ap}oaﬂec;iz

Sthosedns j /2, the /ae/'ﬁcm" sedss turned wp 2o be uncountable
Sehs. Must this aduways be Hhe case.’ /qc:wf‘a/zIA:S Lo Hhe next
theorem, Fhe answer /s ‘}/e,g"’!

Thm: let Pbe a /oef,fw/‘ suhses b IB. Then P /s wncountable.
Frook: Suppose Fo he wn%«w)/ Hoatn P=59:,,zt,.-,,9:ﬂ,..‘%

Is cowntable. We shall Lry ko obtain a combadkidon

To olo 50, let T, be,a/?)/ closed] intervsal conkred at % A
%#/L) sd. Then, since %€ Pand Pis perbect, (2

Followos Hhatk %, is & bmd points b P 0 pactator (TNZ3)NP22
(10hy?) Lok 1y be He smalbst ivkser for cohid

2, ¢ (TNiZINP 2l b T be any clsed inkonel
Lenkred ot % o Eg#/l;)ﬁ % such Yt Tyl

s 2 4T, Observe, Hok by e mmmalty A 1, 25

Sor ony k<1, (w/oy?).

Sce %, € P 1 a bimi? poin A P and M@(L\?%aﬂf?‘ﬂ
Let~ 1y be Hhe W:h%%@f B bl Zn,}é(-[g\fzﬂj)nﬁ

ok T, ko any chsed ke contend a2, H Laghll)
such ot T, I, and 2, # T,

Cz’ﬂ;’lnﬂ-’l’/b N #"f )?M}D'a/), we obtaun a fze})‘l%gj Seypte o s Jf 04329}
latervals I, ) ey SN T Such Haoit ZU;j}Z{I,,) —>0 a8 N—>ew

and 2. €l, for 2l k<n,, 237 the /\/asJ(J Toterved TAeo/tm,
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‘Q?In =328 Jor Some e R Notee /wmmr, Hhat x
55w hint point A P becase i+ He bt pomn e K Hhe
Cender poinPs N The ntervals Iy Thes, as Pis cosed, we
muwst have z e P And here s Hhe conbradihon; x cansot
be any A Hhe %, , sirce msh, and! o T L -

Thus Powst be wncountable g olesiesl.

Ex. (&) A/%aujﬁ we are still /m/ofg e means to prove a'vf, it
can e shopn dhat Y P a wfzem/)%y /aaﬁeaf subset of
(M) in obish ey My Sequesnea convelses, Pmst be
an wuncauntable st

(b) Lot (Md) be a discek mehsc space. Suppose FEN
/s not &m,a?‘y. Thenn Pis ok ,eerﬁeaf' 5{_(2)¢§2} Bt
&0)/ 2:6/0, /ffe/?a z Caﬂ&)ﬁ be n /;m,‘%/mmi; yfl P
(ohots went- wm/ﬁ? Every M), sequeDex il (M,d) roest
converse in (M), (hy don? we have perbect sets oter Han

4 (©) Lt M=@ wnder e wsual mehic A8, Then
P=[o, 11N B /aefﬁeu}m B. Nobie, however, thats P< 8
sl st therdore be countable. Does #is wrbadit (257
Absoldely pot! Lots of Cautly Sequences o elemess A4 R

Sarl Fo CorviedS In R.

W appears Hots nonempty perted subsets are radar larz_ | One
would exfzd' these setrs ko ocLupy some Space o Hhe /U,Pﬁmw

lne , Sor mstance . However, /ta,/é/ /s Jﬁ'ﬂ(fzf Han it Hon,
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W scems that /;wM subsels A I8 can be so conshructo] os
Ao fbo/zc@le almosta all J K ﬂrbﬂ)/dﬁ be so i féﬂ% %Azj ﬁﬁ,’/
ef-p 6007%24’;0 & 5’;%& /hwj V(2] mm{éf A{)&O S/IM.// M}'f zi?i!éﬁx%/mﬁj
be
but bedore we can presents owr mwﬁj 4 Seo> b bons
will prove heady.
Ded: Lok A be a subseh N & mebie space (Md) W zel

MJ x IS /Zoi? & /.«i/m'%/owbﬁ aP /4, #%a/; 225 ca///ea,f?/? /i‘aW
Palh‘lﬁ- 0F A.

Remurk: (Oith His AIinidon, 13e see Hat & sek /s /eaffec}
Wit cosedl angl has ro s olatesl ,aoz}?-/j,
Oe/sZ A Saﬁ A s M.-'a/ Fo be aé’ﬂif- n (Ma/) [of, g Sowe,
abidiors say, W)’WM de/)se) N A=M Wat /s, every
Pomlf: J‘ M s B/ff%&f n A of s a //hw"/}po,mf-. ,j A 7} ,4/5 0&/)3»1
in M,
DA AsetAls sar] Fo be nowhere olense in (M,d) F (F) =4
Ex. &) The sefs & and RNR are dense subsets S R

(D) Lok A=S$4:0913, Hen A ls nowhere oleose i K,
be cause A= AUF03 W(A—)o:'ﬁ‘ |

©) Let (M) be Sserche . W A, Hhen Als both
a closes il an open subset K M (10hyT)  Thus A=A anl

A=A Thus, h Ak ast emply A= F=(A) =g
Thus A is pot nowhere dense 15 M /Vo%;’m_,., howrered, ot
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the statement *oF nowhere Aense” ¥s not ec;wm/e/?ﬁ 7o
the phrase “dense” In fﬁdt, He oﬂ// dopse swbsets A M
M ikell. Svery point: & o dircte space s an ,?DWPO,W}, -

d) j&/z,zmj “ ot nowheve depse™ /s not#e same a3 dense.
n IR, the set A=(0,1) s 0ot dense decamwse A=L[06:11 #/P
However, Als ot nowhere Aense a5 (A) = A= (0,)) # &.
The Ferm ©powshere dense” /s an wibortunate choice 4 /Awa
Ha~ i’ w,//y too common in e liderature Fo aword, «Vou .5/mU
Hhinbe A nowhore oomse sets a8 “Hhm” sebs or sets Hhatk are
Sar Jrom havin wen & sinpte /za'gkbor/ﬁaw/ .

8) (ohih B is sweryishere domse in /At R is powhere
Jense wohen 14 /s consilons] a5 a subset oA 182 (1D2?)

Fx Suﬁpoge, Hhoi into a zombie indested G:"/y A Sfea'aj
Forges « et Bhes\ lasy Sseit ¥o searcd Jor swevivors. The
projress of Fhe opeintion /s ponitued in @ remote. HQ. W

e red odots W/egmit Fhe fosfﬁ'aof N Hhe ,)'aeu%,f Yorces
soldvers aed He blak Aots are pv»’ﬂzbm A a(e}edu zambf%, AT
an you say abowd~ The outcome B M "WM?
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So/uzl?'a/?: éuef)/ Po:hf: on e Screes) 1 6/'%&/‘ A Zomévé, or
a lmst Pan)Z': of Romb jex T/;myﬁ if?fa/dﬁxéaj/y s/aeajoﬁ)j i Hhe set
O; a,// Xoml»le /00;[(;’% 1'5 m V) 7%(, ;e,# af fo:l/?is_‘ .
Nance ajj’o 'f/m,i e setn 4 a.//fed’/oabﬁﬁ /5 /ZOM/Z&/E oW3

AH W%ba/‘éoa,;lg J —7%& f’eo/ /mhzﬁs /zaw‘e ée,z/) b/fﬂcu w:'u#: ro
chace Sor 7%@# /Ea)ue/y

Seelly, the operation is @ hasco, Al o owr brave sololiers o/l
5001 i He renks b He Ai/;ffJ-ozéﬂ:J, But hok at He
brisht siele: e have leargeod & Sew important. concep?s,

you Shoulol Hn ke & novothess songe scbs as eméw,me& yéwé;e/m
For /)ﬂes, fowhese DZ&/’}Q sets are Hhe o/ooﬁ%:.g A AL S‘?}lj.

We are fzioaj/)/ ﬂmﬂy Sor #he pmm,’Sea/ ﬁ/}my)ﬁ.

Lemmad i Lt E be a choses] sibset K (M) 2l E(K)
be Hhe set- A all :’}a/aiea/pmhzés A E Then ENE® s

a choseod subset~ N (M)

Proof: Lok f2,3,7 C ENE® be asequence Hrats converges
o 2 €M, To show Hals ENE® 55 chosed, we mest prove
Hud ze ENED Note, Yonsewar Mok 3w £ o udosecd
Yo =2 e b, hurderonre. Wi meams Hab % /s a

)zm‘%/mmi A E se x5 ot an j}'{)/é}égJﬁDJb%' Koo zg £(a")
WSl Had e ENEC g, elenisnsl



(82)
Lemma i Jek E bea closed subgd 8 B, Then
He set X adl fsolates /aoszs A £, E° & at mos?
ountably.
Froodi Every isolete) point of £ /s containad in on opes)
interval that has no ofher po:lfﬂls aﬁ £, In oHer warc/s A ze £M
xel, sud #ATNE =12} and I, /s open,

Thees EMCUI? here T,NL, =0 K 22y

xixeE*C

Shee aaj, intervel contains a /Hj/cmj : ‘/éz’s h/on s COM%&AZ&

TAJ’S JWF//'C’/S M £(£) fp,s fbj_ﬂ? ww%@é& a8 W I;t CZ)';’?%&:&)&
0Nl one pont S E©

Thm: There ex/st perkect subsets A B Hut contasn m»/y
Al A 1 and yets Fail o have eceh asingle radional mumber,
Sueh sets must be nowhere Jlensie,

Proof: let €70. Lrist all P radtonad) pumbers in o sejuunce
50,17 and put each 1, ab e centel 8 an open internal

s JW(I)";ZW ¥ 6= U_—[ Hhen C /s open

7=

wal Legh(8) < 5 leogh() = j L=c. sohn
£ =65 we see Had B 5 a Aese] s whose S/2e.
must be ifini'ke. That s L@ﬂg%j[E) = o0 (wﬁy?),

Thus E mua? be wiounabic. by lemma 4, ENE“ s ako
a chosed set and by lewmaR, ENE® mut be wncowntlbl
(be cacse we delete at mos? countebly many pom#), };@j/n
obserie Hat P=ENEP s 4 perbect subsch 8 R,
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The Cantor
Set

Si ppose ol an win contains W/r/ masry red ancd
blue ba,//S sz you are 0Wm’ja c/uwoe fo /OM‘}"C"}’W{’@ %
the Followiny loflery i you are %o be bl foleled and
sked ko piok 4 ball. 78 4he exdracted ball ;s bl | you
L § Jooo, 000, 000, by A Hhe ball is ,&jjm e
The s/aja_n & Hs /a#M‘/ /s “No one leaver a loser? That
/s, each fime you fesse. , you mﬂf’};ﬂﬁj ¢4 and you ac
ot~ @//Meaj o ?“,’7’- 1t you hove o/mwn a bue éwﬂ
and won Fhe prize, So what oo you mj? Do you oo
to F/ﬂj,?

Swppese o eacd ball i We wrn is marked with &
unlgue numbel Prom 4he interval (0211 The bl
beJ)s may Hrerelore be /Bjafa@’ s u subsets A [0,1). This
meens Hat the ltfery Jeme Ca be simulate] by &
Ff‘achMc, Mot~ extracts a mumber frem. [e:1] ath renddom .
Consiler +he process N Sacassz’ny ,~,9,,,\,0,,,,;,,:S “middle Birds®
Srom the i terved [01]

e continue Fh /s Process z'ag,/udl J'VB/)/, At ‘/Az n# 311 Loe

Ccﬂs}klf | o '
A In Frowm l;,__, b;i remowhj 2” ( J/’s}'m'ﬂ/—i, Opcl),
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’"m.f&UZe Fhincls® intervels From Las, cach N W 3-/?,'
we will call /s Jf&ceu"aé:a/ set- j/), 7'/7403, Ly a5 Fhe Wnion
F 2" chosed subimtervals A T,., aid the Cc:'m/o&;mni: A -
I, [oii] s ],UU}R

- remoe =5 %)
L ¥ 7 I
T remove o= (4,5) U
i 1 e A 2 1 iz 8
2 > U(%, 3
I WYL Lok e femove  Sows %/ﬂé
RETE} 5 7 5 b skt wdervaks,
cacl b boh 75

The Contor set= A s oleFinesl as the set: Jpoain‘fs Hhat 3H]
remain Py —7"},1 MJJ 7%‘3 pProcess, n 0'/'&{‘ warc/s, ’}'Aﬂ_ &ﬁm:’}’
d e sek T, More preciely, A= 1Ty, Tk lollows from
He nested intervad Heorem Wyt A # 0, buk notice Hat 4
/s aﬁ Zc&»si wbd#&é)/)l ,-Y}/Pﬁ?f"ze. 7712 Wpa}h.ﬁs 9ﬁ W Iﬂ ye
mA:

0, % Y % el
Le wr’” reler 3 Hore poz"n}'s a4 'é{e 6/29400/:0#5 J, A, '}MI%‘, a//
A He Pmbfls M A J}JA@ ﬁofm an’ b Some ;bsl{%gg ) MJ

I,
As we shall s presently, A i Mfwoﬂy uncountable ! This /s
more. ‘/'Aﬂ‘ﬂ A /,#[e_, 534/‘/9;'/1;5’23, ]z,,;f\ ‘}7’7 710 ’5'1“3:3% })ow %e/hé/),
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5 parse Mo nexd Leoo lveks of Hhe. millle Hhinels” ef/ajmmo
wordd look oﬁ‘//u/ﬂagz. /ldpﬂ% even o few more lueh dolier
the  limts S ‘fy/zase/#fhj I For ‘?aaj meas e e ol S 0 :
Preoss ok A ls uncowrtable, Ho St being somesohats combabes)
Notiea Hhats euch sibimtervad & I, results i koo subintervaks
& I, (afdes J:’scaddmj a mille Hind) (e lable Hese oo new
intervals b oad B (for 48 ond r15).)

R

T L R L R.

As we pregrcs olocon ﬂmu?/ e lovels A Hhe J:’a(jmm foward
e Carot sete (someschere. Jar belosd), imagine ks 3¢ “step dlewon”
from one W‘ﬁ? P nex?- 19)’ /"’f’?ﬂ‘;@”y GZOOJ/VS eiler & fﬂgc;/ Lo
Ho L (Wﬁfﬁ or A*J??‘i@erm/fb Ho nest leced ]aeéuo> o/ A ﬂ‘ef
fo He right (leading on R-inesval). M cack stage e are anly
ellowed +o skf slvon 2 & submtrval B He interval we are
P/CW#): m“j’giﬂr,/ﬂﬁ e 7054 ‘Ws"z"s gt allowed! Thes | eacl,
s#nig A chores, LRLBRLLRLLLR. .., cescpibes o unigue
Dt From He op lwed Lo ocon b Hhe Lodom level A.

The (Gaotor sets, Hen, i 74,';(3 He,m/y Ko ittt P end #
Yo Wil Soid enotlers woas, eawel, sl ")%}Z  setermne a
Uigur seqpena H nesteed subsndernks, 6ne fom eacd buel,
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whose intersection /s a 5'1[43’/[( }omhl‘; ..

Coﬁmsz/)/, sl Pp,m& x€ |y ot He ﬁZJoe &@aaﬁy one Sued
peth, because pt any gives Leve] Hese # mé’ one possible :
bl b Iy on o dagoom, call 1 T, Hat contains 2.
The resubng sequence b inserpals (T,) is chearfy nesterd (1hy?)
Thus, He Condor set A %k i one~h-one Cor/tyjaorzo(fma o
the sed o af)mff, Wt is, Ha set: A all Seguence K L5 anl 85
o cocsye. any Ahoo choies wouulmue Aeong }W ay Mg,//))'o o8
might eheady koo  be uncontble. Hew b wohats B mass:

cerd(8) = cacd () = cand(L2:17)

Hbsa}uuf ﬁm&bhﬁf The Gantr set s j’kﬂzm "Z»(’j’m [o,7] and
yei /h Shatns Hle /}naj:’ o /Df'ﬂéc/e. Suceh a Jphrse sef o /0017)7%.
5@90& we }dfe MSéwnJﬂbaﬂ#ajs 4 % uﬁam:}a.é/e, L#s see
why Ak “spall®in af har? one sense. We ol showo Hod A has
“Mmeasire 2000%) Hhed /s | He “measnre” or “totel ij#"(jﬂ///’g
the intervals in ik complement- [0:1INA is A, Here’s why!
by tclection, e A ] é,ﬂjﬂ’( ol 2™ oj/s/'mlol"n )hw:
comprising ], (he set we Ascard ot Ha ¥ shage) s 2" /3,
ol 50 He. k) oyl b [0, 1IN A e e

2 n-1 x 2\r-\ j
_S_‘ ~ sl i’ L 9
3N = 3 (7) 4 }-_'g, -i

n={ N=|

3

We have oliscarvksl ew/y#wsf.? o L9 wovordebly many
pornts bedml!? Uows bizare! Thes simetbaneows ‘ijﬁm”



(37)

&Q@I “smallnesg® i's ,mec/ge/s/ What makes He Cantor seff Jo :b?é"zzjwbj,
Zﬂ Y OLL decicle 4o pb_j +he. /a#f/y, you eoeds raa He 1o
that all He, bz bells pre fbled Lord! members brom He Gotor
Se of Somedhing &/wajms; Yo have a Zw/oméﬁ,é;%’{/ J/o;;é,,j
% o bl Yot 15 He case . Aot srce the prize

is ‘}'00 Joca’ 1‘,'2? be 1172(.2”, :\%I’S,

Our Secondl proal Hat A s tocountable i based o an episalent
Chosaclerizadion ob A in derms of Hernary (bose 3) secimaks . Recal)
M eael 9 in Lo,i / can be wﬁ#e/?, ] paﬂ.«%)} movre #M b0¢.

ol PR,

@ Z=0040ada,... (base 3), where each @n =0,/, 0r R, T}
#m~w&j Choive for ckeinal ,,1,3,'!; (base 3) corresponds 4o Hhe
‘}}um-a.:aj )}a[-ﬁyj Jfb%z—rmé Kot roe oo m/*//e/' o see

#his, leh 1 consisler & foo specibic examples. Jor sotnee, He Hree
Cases @, =0, l,or R correspons +o the hrew inkermals [o, %1,
(,é): %)J Maj [-—%’ ,‘]

Q=20 a, =1 a,=r
I; 5 4 % 1 (ddAy?)
Thesre s some &méxgm":& at He %ﬂpwh'/s:

lé:a,!{éﬂie 3) = O;Dg.éﬂ... (é&fe 5)

% =0.2 (bae3) = 01222 ... (bag 3)
| =10 (e 3) = 0,RR22... (base 3)

5&«]"‘ mol V{l %0,@ ﬁmégm cases has at- /éay?t one /E’zo/t:%/)‘;‘a}é/?
Wit a4, in He propes Mg,



(38)
Next, the Sispse kel shous the siteation for T,

6’(|=-'0 éwaf ﬂ.«ﬁa?a/wf
= GAp=o2 a.=0 a, =<
I,z a?__f_ .i_, ;z___ , (w%y?)
' I
% g 2 % § 4

Aaw’ some. confusion is pessible at He endpoin:
%4 = o0l (base 3) = 0,00R2Z .. (bese 3)

% = 0,28 (base 3) = 0. RIAZH - (base 3)

e ol Fatee Hese Sew example o /fw? N He ilcw/fs

Thm: 26l A aad only % x can be coriHen as ,,Z %ﬂf” wohere
Cach 4, s eiHer OorR. \

Thus e Gantor seb consists A Hoose ,ow'Hs n [o,1] /ziw//ﬁ some
base » olecimal W}aﬁ}m Yot excluoles Hhe J}j;% 4, koamhj
Wis we o litall sords of olomens o A, ot example, % € A
becauge Y = 0,02020%... (base 8). The above Heorerm ako leatk
7o anohler ,onaaﬂ Kot A 55 wncowntabl) o, ratlat, /4 3,«1@? L8 A
00 ot o i o old ol The roct used sepuerces B
and L5, aad nowo we bnol evaselves il sequences A Os and 25
Hhe cormecton sn? hasd 4o s _

Corollery: A s uncountable ) in ke, D s egmmé/)ﬁ to [0:1].
Book: By ﬂ”epz% owr Rodeton we can ean’/y olls /L;j & Corres pondlen
bduez,:: 4 end [0:1], Eack xe A may be v Hen

Z"Z ';%7 . where b,=00rd, wol nov we Ahne He

n=j



(59)
Cantor yanu}’fan FiA—[o,1] by

A Rb v b
F(Z a) ] E 7z (b=0)
n=j _

nN=j

That s
Plo. s, ... (base 3
Now V15 dwr/f ono, 2l henee we have a second ,omC%ﬂj
A s aawuﬂ‘/’aé&, (l«)/’)’?) but- P it one ~to-one 5 here's w}apz:
£(%) = F(b.0R22... (base 3)) = 0,00l... (baseR)
= o, (base R) = 70(0»2(;6&2@5)) = ,P/a’%)_

The same phtoomenol occeds at eadd pasr A cnpoinks A any
Jicarcsd midlle Hond” mtere] [re, & subinterval o Jo )
$(1) = plo.002AR .. (bage3)) = 0,00M.... [base 2)
= o6 (base R) = )E/O»ﬁ?(imeﬁ)) = 3%).
U s easy fo se Hats § 55 increasin) et 15, ol 2, yel w;’/z
x<y, ten SIS $ryy, e leave '+ as an exercise #o choek
Yt Fox) =Frny b and enly oF X and y are endponh ok a

GJ:S’WM "mfieul& ')%d’;bw, T}w,q, § & ene—1e-one excef"/
at. the endpom A A (a countsblk sd), whese 1K hoo-to-one .
2 Jollows thet A 5 elg,w'yn,/a/)f to [0,01. (Moo 7)

)) = % % -%’_H (}:MR;Z) (ﬂq"‘—'*tf),/?)-



