(51)
Sub Sequepces

Def: Given a sequence §a, 'l  consider a sepence
’iﬂ ? oz 43 f@Sf"/fLﬂe rff)?tfé’,e,ﬁj ) SM —}Aa_j&. 17, 4/73<'f7?)< ;
The sequence f%,,vgk__f

Ex, let M= 5@ O @ Suppose {%Z,,O:C/’?
is defined by

(L) o ==z
@)
e N n=3p+

kb (037 be gino by g ok, Whit 5 ;37
S, fdroins “ Moo Hath B 3, A T6 (=, Lhe,

2 S, =
S0 Q:p"'zg , Z??"Qé @d{&,j% ‘7

O che. Thees, {%7% g /s The wm’}afﬁl seopues e

i©4...

s Ca//eajﬂ f&tzéﬁe%m“ op -



37"”2,(,, l5 ﬁﬁs‘a‘é&egmena:j 3'2,7360}2
(8) Swppose (B3, = 14,2,8,6,12,00,... 8, 1bats /s

gzﬂkii T 15t e Subscence A {%3:7

So/mé’a.’?f |
6o n «w M__ a4

(ﬁ) ;%,E*Q’I & {%)H-}Zk ) = }ld-?-/{"—;;}k=l—- ;%F}jﬂ’ 7 2
) iﬁn %K--u ;292“?/(_, 5 2% }u-, {R | %
0 T = 1EN 54 Y Ths sepuence ,Am it
natd. He ordet 4520} anl Herchre Sk Fo e a
Swése%w,,oaa Nobre Bt f=R-71=4,

CJ) ;%ﬂ%#’ 7;{""’%’751"-_ 7{ FPX: S-e?/éznc;e_
does pots matd Hhe order & S 2.t and Hoshove Jo Ly
bo be & subseguens 4 SR T pacther $8.Y 4

ﬂ(’ﬁﬂ e )hCJEMﬂ/}KS SE?/AM& yf? }OZJJ:"A% zbilzé?(/g
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Sués&?ﬂbnce% are Mexfgw/ 7’290/5 %ﬂﬁ il /a;/ef /w/p W3
to describe sl :’m/oor‘/&nﬁ concepts ke CD""”/"/"/1"5”é”"g
andd compactness. For now, however, we will have o be
Satisfied woif] Hhe Sﬂfn,oZe Wym S Fhe fb[dffoﬂj‘/;?b
betoen sa»és%e,ncz/s, Convelgence,, and Cuuchy seguances,

Pro position: o .g:n :-ga-;t, e L, S any ghé,g?tm
)"%“zkm A/ 7r;2:'"’%/«?-::3 ’

Proof e must show Hut for @Ry €70, Hhe re
exists K20 swhHalt d(%,,%) <€ whenever

oK | he e
Since %,,/-fiag, 1€ kﬂow%ﬂfs a’(%Q> <€, p wved

PN, Sy KA, e Ak Bk (OhY),
Thus, wohen k2 N . we have (4, %)< €.
Froposition: A Cauelry Seguence Wil a convergents
544/65«&2/&&0& Conped el

Broobi Lot 1235 b Cawchry aael suppore Hat T8
I5 & wnwe/y_mf« SMS(_?WQ/ o/ 94,,}(/-9’—72_

We murt- Shows Wit 2,02 . |

for €70, bk N, be such Hot %, n) < % wherirel

nmaIN,. Ao, 2 Ny be sudy Had J(‘Zﬂﬂ, %)4 z‘*
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Whensuer ks Ny Lo N=mas M M8, * nmoN,

Fhen J{%,'Zﬂ,ﬂ)é d(%n. %g) < S and dlz,, x)< 2

(-LJ/’)y?)‘ | .
Thus. A% T)S J(%,-Q:,;m) +d(, %) s

£
€ 2 2o) + dlp, %) = S+ % =€

Propos:"/fa/?: fM)/ 5@;@/&”& J @ Cmu//’)/ MG LLeN R
/s :"/Se,/ﬂa Ciw(,.é); S.WLL

[roo$: et f%fﬂ: be Cmmé/ W/S’Zl?ﬂ/c?i& 5%7,( ;j
500y Subseopenc, Jor €30, Y /s Some N 70
Such ot My, 2) < € pohencces nmyy podee A

n, 27 azd 1,3 m hy?). Thus 2, % )< €.

/_)/‘a/oa};%b/?: 7/3 Wy mbseyzma zj‘ f%o%‘:, Aw; A )za.ﬂ/w/
514/4)5‘:»24(1/)@ Hods Conkeljes T 9, FHhen 12, ?pa:} comperges Fo
B‘aayi 5&1-{)/3056 ‘Mﬁf‘ {%72:: does not: Convesfe £o z,
but Hoth every subsequecn & %3, has a buder
Subseguence, whitd, corvesgs o 2. e il sheow Hud A
ssumphon lads 0 & tontradichen.

2/9 Zp P> E, 1%@0 7?7?:10:’4&// mev?y M/)YAS & Fhe SEHLNR.
{Q:n%::, tre Souother From % Hhon some €70 That ’5 He
et A= 200 d(2, X)2ES i nfinite k€ 4 sl oyl
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Neotice Hot He clomen®s N A form a SbSeyience fz;,k?;
# 3 Sy, Oul assimpheon dicbats 24 son Pl |
Subseyuence § %Ajﬁ: CorverieS oz, Buih all #he eleonests
72 ] %kj: are elements N A, Jp oller co0raks, aJ/Z;,L., 2)36

;Df M/AEW, ,I'm/ﬂy}/ih‘j ’}M ';Z’ﬁkL)ﬁ A Téfj /s %r?. ;&bﬁ&bﬂ
conta iy,

é Zﬂ'«(.f VWZI;\ WNE/S

We have aheady seen Hhatk #he metic b hun)) determis
1hich sequenies are (auclt > and whiid, SegueLces wnesge .,
Later we will see Pats Hye corvesent Segecesnces in (M, a’)
in Fush cletermime phe operr and close secds L) (M)
anf ‘7%%!%3/3 Fhe (aﬁ?‘%l/)@m ftwc?é’o-/)f on (M, a/)

Civen anethet mbvte Susckins p. s fuve. gereredly ro
reason fo expect He medrse spaces (M) pad (M P) o
howe e Same caom/}mi S uernces, 12 #/5 section
we  woldd Ve #o S2q a Yeco coords about metrsc Suodions
1hot: Senesnse He same Convierie ni- Sequences.

M; 7200 metrtes O’ﬁJZJID o1 a4 seds /) are St o be
%VWZL« 7/£ %cj }‘%&/\ﬁfe Je Same. c‘aoz/lf//}e/)f\ S‘-"ﬁmf‘?—d;
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)t Js e, x) = 0 ¥ and a/n/)/ A P2, 2)1——> a,

I~ m’%}lg be wm.ﬁoﬁ?ﬁ/as o Arow> Mat mosts Medarsc.

.;Mc;/kﬁns on IR {Qf [Q;M)) )2&7%’&/‘% 'ZMS?’aZE/tJ are %/am,éﬁi
W?%,%, TA@ f‘ﬁ//awzhj )opa /:)asf%’cm e_xfo/g_,ﬁ'os w/:)l

P”ﬁfoff'%"bﬁ‘- let d be a mc}ff& space o ﬂ?a/zJ Steppase

thats p /s debmed by pia,y)y= Fld (2. y)) where F:[o,c0)- [o,20)
Sati dres
)y PlE)zo with WJ)J Wﬁﬁajané; S 2=o

28y R (2)>8 for 26 (0,%0)

0 PR) <o Sor £6(0re2),
Then d and p are eyuivalent-.
Prao F: -/l/af/ce #Laj:‘ ﬁ /5 600’/230/40/4)5 MJ :SoM?éZ/e Sihee
Pley> 0, we may ako shk Hot P75 dMerentioble ool

Hercdore conbouas,
/I/axifa,w& fzeaJ Ao obﬁﬁfm& %d‘« 2/33 ‘},(C/£~—?/£ /s

Contionoes o O, Hhen Por ary Sespen {ﬁn};;c U it
tpi—o0, j(’!ﬂ)HJ(") (72/5 wll be discusted lider on shen
we onSldel conhauves Svackers anl fa/cﬂ%/liy ety ﬁ/b/o(/%@,s)
Nowo suppose Yot 'J?inf:f M wik 2, ff!"ib. Thes

A2, )= 0. Sme Fis conHpusus, we sex thad

F(d(2n,2)) 1—> (0) = O by w/”a’hs h=d(x,,%).
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Thes, c’(%,%))——ao, ;Im/a/ﬂe,@ P(D/(%m?‘)) = (%> %)= O,
On he other heas, of P20 X) 1= 0, Hen (2, 2) =

o f{p(az,,,x))i—ao Eecwcsg F'05 aho conbonoen at 0.
We have {A?A&év//%'éza/ %MJF\ dli,,2)— o ’%ﬁ/b/ o7/ y zﬁ

p(fZ,,,Q)}%D; 7%445 cJ Mcﬂ/p are C?./C/Mﬁzi‘

Ex. bt dizy)=12-7, p(2.y) = -y, 6lry)=

] /,:/;}::I 5 A2 y)= lﬂ(/ﬂ'*'jh- J)’ M ?(Q,y):.
- Vb H-) _ Then d, p 6, 2, 22 g are
1+ Vin(Ix-y)#1)

eypuviolents metrics on 4R

Equiva o= metries prosewve. lopversenh Sepuences. et %&3
dhso have He same Cawchy sequences’ The answel /s 20.
Ex, let M=(0:9), Then diz,y) = l2-y| pad pir.y) =

= k- F] are bt mbis on M b do ot

W Hhe Same szgl)) i%éﬂzm
To see #Hat CZW/DM %WZL 0 hseviie, Hat. He

hwdéfon Wf)“" /5 con//n/zam on (D, 00) /l/a_ﬁcp. ajfo ‘}Aa\f
P = $8). Thot /s  Fis A 0w inverse, s
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Now, 4 %,/-i% F(%)!——)F(%) or /f(:z,,)-ﬁ(st))'—%D.

Wence %1% % s p Jes Hot 14 - -0 or 2,552 '
On He othet hoad, 2,15 fom ples Hat- Fla,y—s Fla)
Thot 75, B rox => |F12,) - Fim) = k- L [0

This in 7ucn, smphes Hat |5(£)-HE)] = )2,- x| 0.

To ses. Hhaie Jﬂo,//oﬁa/;éoﬁw %&W@My

S uen s, potiie Mot {%? s a (éaal/ e .
When L1755 consivbers) M@&;JA metric d(2,y) =)2-y/

Unier Hs. mete p, haveer, plh )= 1n-miz1 :»ﬁmn,
Thus f%?ﬂ: ket Cﬂuzg/;y WJ/J'

Ex. Lt M= R", Hhea d(x.y)= 1z, ey (%, y) = M-yl
end diolk.y) = 2-ylly are egalent metrses, on IP7

be coauge Nz-ylps 1% =Yy < N2=Yl, b1

fx-ll, < nVx-yl, end W=yt < i 1 Yl Yo Showl)
ver/y Hetr o), di, bad dro Yenectate He same (ol o
S S pences, on 2"

The ZM‘ZL @ém/ﬁc /s vesSy /fmpal‘/eo%éu r} aﬂws 28 #0
modee Mo ﬁa//aaﬂ'b d s #on
DY Clren Hhod mehsc S plces (M) ) (/‘{ )")3 we can ohig

o metric on He produd My in a Vi fedy y‘vwa.as. ons
only reyulvement /s Kot a Sequence N palvs (Ans %) ¥
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W) X/V )’Aaw[,j Ca/‘JM?e, /w,cfnz/}/ Lohes 507% wofb/f/m}{e

Seducences oo ?,::, aaul {%;?,:, convesse in (Mo)) and
(N, P) respechiely, |
Evcl N He ooy debine metrics on Mx N Hhat enjoy

’/’A/g pm/euﬂz)/_ -/7/70/13491/'&/,’ *)’/»ej E %ﬂ/%lé)

c/,.((a,'st), (b, )= d(ab) +/-0(’Iv>’>

; A
dy (a2, [b:7)) = (da.5)"+ . ») )
a2 ((a.,oa), (b?)’)) =W;J(&b),, p(%y)z

Hﬁ/m;zﬁﬁr%, any ;fm]a/fcﬁz /pﬂe/angz to %”mdﬂ/g_ on /Y)xM
iamaﬁma Cav//luj e pf‘ocjzaj‘m}m’q . zo;//ﬂz@m o7e j 3,,0)7_,
of p’m, Any o7 J '/'Acm mf//sm eg,m,//y we,//,

Oper and Close Sets

One F He conhal Hemes K anabysis is Jo esamine He
Variows nrotions of s/ze ., [Je have g,//m,// Seer one Such
Notion wohen we spolee. N countable sets as *spmdl @JZJ
Wi countable sets as %fsgd 27 s secdion, woc JM”D
Qﬂm%e/ wsedil O/ﬂFac’}efz'AM%ﬁ og SIZE A% A 1eds (/. VQ a
SeK thikness. T help you eppreciate. M, ol of &
otk selt, tonsier a berd mft's/m‘,'.azs willerbeas’  As
a 57‘7&/9‘76287 7o Mm’of’ ﬁaa{a}of‘s) M w,’/gleféea%’}
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endiavors o be “ingile® o hosd here He animil i
J;/a.n}caa] Srom aj/ SJ‘JM by 0‘1%2/ members J %z, /W‘a/ AS /0/5 A3
it stays clees Srom Hhe poh’p/wy A He herd. e animal s
Sake Jrom sudd /WEMPS ax ol Jo(js, })yﬂe//ZMj g/b//foo&,
Zn,{e&l, the best and safesk ferd wold be one /o cobich
predation s r’m/oos;sz’ééa — & herd with po p%’/o/;e/‘/. That s,
every wildorbeast in Hhe herd /5 inside He herdl
bt whals do we mean b)/ Fhis word “mstde 52«70/%&&
thots you are A ﬂdmﬁ’s% éow’/'ﬂf:] osel he M’/MMZI—
herd i @ /de’wfﬁ&f. 3 HOH 5:"7/;7"\ an am’mzzj in Hhe cross -fadrs
0¥ your Scope MJ novrow -~ dowh youls }’,’@[g} 0¥ e MOMJ '
He 71&,?;}1:) Hhen you wi'll see Hhe fo//awfns ,oi'c;/u/e, )or'ow"a(éj
Fhe, Hacqet 5 in He doterser A He hetd.

210 other words, @ wf/a/exémi /5 hs/ele 7%.6 herd J Jor Jém
£ 0, Fhe oped disk o5 mdi € C&’?Waj: the M//MM
¢ on7adns ﬁaﬂ-fn‘_s buit 101 Werbeast (oHher mesmbers o He éefa/)

We are Now /wjy 4o oledhe gef-.s,ﬂ/” A whose members “Ive”
in /% i‘nderlor. Op He S NN f/M!‘i, there 5@2’3 wawfa’ hoave 70
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be -/74,(,&/), fﬂf?ww a'/ZJ&J,

Dek; Asct Uin a medrsc space //)?,q/) /5 ca/éa/ an oped Se -
WU contains a ;Ze,,;?/léor/zooof o} eacd of i points, In other
words, Y is an opes set~ A, giver xe ), there /s some €70
Sweh Hudt- b)C Y.

Ex. (4) 7{)' any mdrie space, the &«JAOA" Space M is an oped}
Scte. The emply st P /s alo open (by default).

(b) In K, &y open nterval Is an ope) s, Qpaleesl
qiven ze(a,b), let e=miniz-a, b-2%, They e>o and
(2-¢€, ;z+é;)C (4.5). The cases (& 00) tn (-co, é) are
Simlo. While cre’re ot /1 notce Mot M xlos%ymj[f?:/),

Jor exampls, i pot open i R becawse [t does 0ot condeny
an entive IZQJVADPA@GJ J 0,

(c) 27 a oiscrete space, ﬁj(i’f) =f5€? /s an opes et
Yor any z. (M%y?) W Pollosos Fhat- ewrry Subset- Az
dis urefe space /s opedl,
Bedore we 3t Hoo carried awan, coe should oo He lead
SMQJ%%&}’ by onl las? o0 exam/oé% 22) check Mt Crly
openr bal s Sad an open s,
Proposition: for any z e/l and any €>0, He opes bod
B (%) is &n open ek, |
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Proof: Considr the. o)f‘ﬁowf’/)g belos> +0 ufzpér;%ﬁfz,j
the mothsation 6%:%/ the Mjmm%'\ o He ,ommg.

Lt ye b(2), Thes d(my)y<e and hoce 5= ¢-dixy)>o
We woill show #hats Bsy) C B (%), Tadeed, A Hy,2)<$
then, by Hhe '}f’i‘aﬂ}& ’he,f/m/f"}y, ol(%,2) s aJ(:e,y)+cJ/3,z.)<
d(z.y)+d = dxy)+e- Jlzy)=e,

J od's w/&j ol %01(3%‘}5 Fingt-, evely oped) ball i opes), Next,
i+ Folowos From 7%-6 My?'%’ ofl ‘/ﬁ Fer? Sf/‘fé JM an Dpesy seZ
mus1 aeﬁ‘ua//)/ be & union o8 opedl Zﬂaz//s 0 ﬁaa{ Qj U /s
021/7;’:;4@/; U= 05 B.(2): btyc Y3 Moreorer, any

Wb, Y Udlion a? opes) Aa//s k &jﬂf;’) a0 open cof (&%}?)
Here's what all K 4 s
Thm' An af‘éz’/faf)? unton jﬂ)%/) sets Js asa’n oped) ‘%.471/5, o}
52(9.’ ?;,M/q /s an y co/lec/r’dﬂ N opel) sets, Hen V= U U, Is open,

>EH
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P/‘ooJ:': % ZEV) 7%,3/7 xv.e Z(N for some xeAh, Bt %M,
Shee Z(“ Is opehl, P, (%) < U C V' Jfor some €30,

Zﬁ’}e/‘&zc?l}'oﬂﬁ asesn % zzad‘/)/ as Wefoa,s:

Thms ) Rk tadessests.n opes sefs /s open; Hhat is, o
tech N Aoy U, i o/nm,%wm;‘s ) = un.nu,
Proo: W 2e V. Heo ze U Sor &l L=, o, Thes, Yor eacd,

L there Uﬂﬂeyaju%#mﬁé(i")cﬁ 54«1&%&05’3#0(7
€ =mn{e, . Ex42 D toe have E(Z)CDZ( =)

l")

Ex. The wotd “bnite”is cruciad in He above Heorem be caure
E (5, 7) = o8, 2] 0§ is et opep i I (lohy?)

Nowo, since He et lne st Sﬁec:f'aj e ? Fo x5, leds
Chasnacterize He oped) subseh & # Thits woll e i /?%/y
lader, Byt /4 Séo;oéj be ;AEMJ Wt cohile s characts rizadon
bolols $or B, 7 does nots have a m}f'rﬁwé/y Ma/c?m, P

in = .

Thm: 28 U s an opesr sihset of B then Y ma be writherr a3
A couhtable wn/on J:;}D,m‘ open intervals, That is. )= Ufn,

Wheve Lo=(00,6,) s may be Méomgéj) 25.)
I,NI, =9 JSor nzm
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Proof: (e know %ﬂ«j N can be &«.Jf’/’#w &5 @ Uion »L epen
,"ﬂ'}m {becam W X € ZI /s 11 Some Opesn mézma/ i

witl T€U), Lohat wee need Fo showo s #hat Uis a woop b
.:Jf;}'w*ni open indervals = sued & union must be coundble. (10hyp)
(Je binst cloim Hat eadd xé Wis comtamed in a mwmaj ope)
idental T,C W in He same sense Hat A zeTc W where T
k an cpen hiensal, Hen we must have T<T, | Jnte s
xe Y [l

é?x':z’fz/ﬂ{a:(a,zjc Z(E andl 52. =>"”79{b:£x, b)c Z(?

Then, Iz"' (A, bx) sedishies zel, c V8 MJI;., /s oéaﬁ;/ mw;w}.
(Check #5 !)

/\/efo ﬂo%’cz %ﬂZLgrm\/ ;z,)/e‘ﬂ A W @,'%u Ix OI)/ =7 of
I,=L, . Why! Because # L NI, #2, #hen Ty VL, ik an cpes
Ibw w”‘jﬁjﬂ; Aa% -Z;y W?a/.Z;,‘ 87 MXJW% e mlvé/%lﬂ M

Ye=Ly. Jb Dolbios Hat U s He Mzboapo?’;’ow’/ |
indervals: 9 = U, e
xe U

Now any fme we matke wp o 10 debrihon in a metn
Space sa%lxés' /P mzca,/éz Vesy /le#w b Ind 2 %Z/aé;;ﬁ

Version skdes) exe /MSJ/B/y M derms o RGuences, Jo motimte
1hts in He particednr cose o open sets, lets recal:

By =352 2% o eph, /f)/ in B (%),

Si=y

Sorany €50,
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ond hence
X, —x <> {;z,,}n: /s Weﬁ}ua//y n U, For any opep
set U w/z%bmj x. (Lhy7) This last shdernents oﬁfmvé:a//y
thoracter/zes opehr seks

Thmi A st Uin (Mol) is open pﬂﬂ/zja/?/y A woheveer a
SeguesIce ;{Za?,:: ey canmf‘awu 20 & /ODzh’/’ZéZ{" We Irve
1o €Y Borall bid finidely many R
froob: The Jorwoard flrnp/z’ca:f/?)-n i cleat brom e remorks
pﬁcceaﬁaha Hhe %@Fom, le#’s sec wA)r He new wﬂaﬁ"/fb/} ;bn/o//&y
thed U /s per !
W UK netoped, Heo Here s an we U sud Kot AN Yrts
for all €50. Tn parbeadss hor each 0 Hore 4 some z,€ b, NN
B Hen T35 U and 2 =2 (hy?) Thw He oo
condibon aho Pals j

/n 5//%7’6/ a/»ﬁw% Zzagmy, He above Heorem /'S xgﬁ; Mot He
0.0/7 waﬂ #W A member a}fa/) ape) m‘:is by %Rue»% w@//
nsiole. Ao set? Here are. 10 Mhabitanks on He “Jopher® Jn
osente, you cappst V;iz’/a thgé resiplen7 wf'%hﬂl raahs a whole

/ZQJ% Am% r?oj .’
Clo sl SJS

what good woukd “open” be witheid “cosed”? A st Fin @
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metric Space (M) /s sasd Fo be & closed set 3 /% compleast
FS= M\F i open,
We coan oo severad tromediade /ﬂ#zfmg/ rot %m'g/y
en //3/%: nﬂg) Conclhessons :
Ex, @ 0 and M are ahoays chsed (Ao 50 4 % pessyble

Por o set o be bot oped] cé&@/;/)_

) An arbihory irdersechon ok closed scbs i chosed
A Snite wifon A chsedd s i chsedl.

() Any Sinsde set Is chosed, tadecd, 175 e;aozg/ fo Shoco
Yot J27 i n/wajs chosed) (1ohy?) Biven any ye I\l
(#atss, any y#,’z)) pote. Pt e =o//5t,/v)>oj @od-herke
b () < INf25

) 70 K, eawch A He wbonls [2.4] [2.09), an
(-o0, b | Js obxa, Ao W B g whed st (&3/7\/?)

) 7 a Jiscrete Space , ery Swbsed /s cé&aj
(5) Sets are po7 “doors ™! 1] s ned
. rs™! (6,17 & nedHMer o pof closedl
As yet, anr debnibon is o krribly wselid, g woould) be nice
we had an intrinst, characheriz ation oF choses] seks - Sam#/fﬁ Hat
a;a/w'fdb/wd 20 o ,éﬂz)w[eelj(, J ope) sefs - Som%@‘g n Fesms
Sejuences. for e,xam/p&, for #ts leds Svst makee an



observedion : Fis chosed o aad only b F<is open gl so

F s @kj%wﬂﬂ/y?}

ze §° = bt c )c_c Jor some €20

bud His is Hhe same o saqng: Fis chosed f and only f
b(2)N F#7 bor tery €70 =7 ze f

T/W'_s is oud JgV'ﬂl Mﬂzﬁ/wbﬂ / &é)ﬂej SdS, Wﬂf‘/fv‘ﬂé/

5ﬁ€a«/€ﬂa(j, Jake} Seﬁ 2 ke bbbs brom a 60’s  horrer movie |

/q Q&Maj 55/7L WJA/ 9&3/0“ ﬂ/// /DDJW%S "/41?,71' fES;’;{e i ﬂ/‘é/"g’lﬂ/‘)? ]o/‘a)wbm%
Fo Hhe sef,

2o coiles Hia bofler wndurstan] i nathre of Hose “/D/BJajar/v"
Sets, let’s 6/*:?5 in a Peo debnitions. | _
Deh: Led Abe o subseh A M. A point 2ze M is called a
lim it pomt KA b wery ﬂe«%borﬁo%{ A 2 contams a Point
of A Hhik is hferent From x ikt Hud i F
(B.ONT2) N A #9 For ary e>o.
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Exr[QSRPPoSe Y OK /o/arce, A Sbﬁa«(‘ Cdaée, & Wf)/ M‘J A
Jueell= ot ground an ant nest. Severnd moments lader
you dadke & sn@o-séo% of Hhe cuent Huts enses ;

c
o it = .
S - .1:9’&7"‘:&"’? w22
FEPN N o TN R g
-.... \ > - - s \ e a
e 7 1 o ’ \‘\J"
744~  wagyle -
. w .'}%‘; TR o
i — ¥ ﬂi“‘\ ~
- z LT 1 il
P

WA s He set. A oll Hhe anbs in Hhe /o/uvéc/c)%m Fhe

Sajﬂf cube., Hhe céa/n”/, &/zj Hhe W~m2ﬁ ave ¥ /oo;h’)é
o A A teaming that Mzm/séé? many ants cluster %fyﬁﬂarz/ 4)’%@
around each 0éj'edf), Notee Hat s (secser) gl c(&Aeywy) are Nt
members & A, wohereas aep

(b) fet A=123,2 c M andd suppose 2,7 2 € M. Then
x io the only hmit poimb of A, A non-conversen? scuence
can have a bxj;_ Diem bes ap /:’m;'?l Po;hf’ﬁ, %owwcf, for
example Let R be wra/:{(z@f nto a §egLen R Sr,,?:}  Then
ey [)om# of R /s a ?flfm"/)om'h‘}‘dp K.

DA Aset Fis hosed A 20l 0/)4/ 4t contains oMl A s
}M’?)L} /0011’)7‘5,



(29)
EX. Le)ﬁ 7 be the seh Oﬁ a//lz,oméfe/s, 7% & a c,é:;@,p

set> 1
Solidion: To answer '/4/5 W%’an’ we must decile wohbhes

0Z 50!’??4@.)/){ a,// ag l"Af jh)/%/"ﬁ/f/)%' 7(; /)uj: ‘}'}7/')' ﬁ/‘DAZb’n
in “hfe or death” 7’@/‘)90‘;, Seppose %z 5 Qa /;‘mx-},oo/bi’\ of 7,
wouﬂ )/ou‘ SAap'/' [ w;%é ot S/?J}Q&f f‘/& ,?

W the concentrse ciles A Hhe smped Scope LKA PW The
Jocget in ssoluchon, Thadss, of Hhe heacks of oher zombes ave aleass
preses1i~ i each W conede (no mather hewo Sma]/})'s), Fhen
+he. %wpd‘ s @ /ho,?{}omh% A 2ombles. wdx”ew'ﬁété/y be
I contud® with He /:Mh o and Herchore beiome @ zombit
(14,14 ﬂu?‘ajfm/y & omble) Theredore /4 appears #Hat %
is a chosed st (and Hat shoohng dhe darset misht be He most

humane coserse N m/;‘on)'
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/Vo')%e.,,oém, Hats Hhe Mc‘fef‘/a}/@n /E &éSeo/ Seﬁé 'n -/armg
05 bin,# poink con /MJ’/)/ be Hanlote ] ints a feﬂ&mﬁz@/ deserpthon.
To sec LDA)/, Suppsse X s /zrbo/ypo/)’)‘;affam set £ Then, -
by debiniton, BINF # P for every €50, But 5 mears
thats lor caclt %, we can bl some zfpéﬁ,/n(?f)/)[(w%’?)
Thus, #e Sejuence {'Qﬂ?nj';c F Converses o % 2 ohher wolds,

M)J /ﬂm"}/om&ﬂzoﬁ F/fs peczysar//)} a ,ﬂo)bf J 6001/59/’;@/7&
of Some seyuence A elemen’s f F

This means Hat Fis edoseod %m/aﬂ/y o sy SequefIce
[23,5 hatk consit ob eloments oA F and converyes i M>F
mus? Mmj/y CONVELTX. o an szi /f ;
We summarice owr resphs i e follocoim Hheorem.
Thme Gven a st Fio (M), Hhe Sollowoir ar egiabent:
() Fi chseds Hatis, FE=M\NF &5 opeh,
() 8 B(ONF # 7 bor wery €50, fhen z6 /.
(20) W a Seques1ce {Qﬂ?,fj) c F convergs #s Some ,002!0} e M,
Hen 26 F. | |
Proph: ) =2 (40! T fs cheal Bom owr o bservatbns above
and P A iiHon N an ope) sef,
(C) =2 (1ic)t Suppese Hat 32,55 € F anol 2, e,
Then A (%) Contams m/fm/’é/y many %n b any 670, a/zJ
hence BUONF#8 Jor a0y €70, Thus xe F, by (i),



(#1) |
(Lil) => (&) H b ()NF # ¢ forall €20 $op Br caed
7 there s a0 % € by N The sepuence §2,3%  udshes
fzﬂgn-—;!c -F MJ X =20, /{@ﬂﬁi‘ b)f (uc) ZCF

m.:a5+ M%a/‘f ’}&/CE ('l) ax 'Mz oézgrb;! he ) oy a 0é5€aﬂ }(Jl, Y
o/Au wo/bfs c:o/?J %ﬁ (1) S%s %fa oéﬁ@/ Ld mm% contai

aj/of' :145 s ‘}/Oaifné‘ TM/; ’O&UW 0&560/%&/‘%2—
Ow/af)aﬁ (}aj(/l/!ﬁ }‘.‘/ru

Now, @3 we've seen Some sdi arse ﬂez%ro/eeﬂ S recdoudd,
Hovsevrer, /4% poﬁ;’é& o deseribe Fhe 'b/eeﬂ/ﬂﬂ/”’afa set andd
Hhe “oscre” of a ;@7‘ Here's w/mf m’//alo
Liven ased A (M), we Lbne He mtelior A A, Lor/ten
i) or A% o be He lassest open set contained in A,
That &
M = A= VU U s open anol UCAS =

T U382 AOCH Jorsome xeh, €208 =

= fachs b CA Jor some €>0f
Note Hat A° %k desrly an open swbsel o A,

e next dhme He closure & A, writen ) or A g,e Yo
Smallext szjcoﬂ#fufoﬂfg . Thad /s 3

AR = A= (NF: Fis closeod aat Ac F 3
Plesse Jake note oA v T o ﬂaj}a/le Jﬂw/ Ho0 Woéﬂfo;’é’p/){’
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Nowo '+ dear Hat A s a chsed st 60/77;@;:01103 A- ﬂ/&a}/)ecasm///y
'f’Ae fma.,fkr} one, Put /#5 not so cleas a)é/% /oa/}z/)r ase in /“T o,
More /orecfﬁd)/, wﬁ:ﬂ pa;tmé Oefe. In AT \A. (e cazo/of e a
Ae/gofy/of/m ob A Hati a It eassed to “test on a Jven et A,
L Sollowos Jrom ot last Heorery Hoat zéA %Wﬁﬂé/ﬂﬁ
BONA# horecery €50, Tpe desctiphon Had e are lookm
Jor S/%o/é? remoes W5 last rederence % A

Ff‘o,oaif’f;bﬂ: xéh i Man-/)/ N b (2)NA# T Jor arry € 70

Frooki One divechon & easy: W BLONAD for every 20, then
BeCONA #8 or every 650 (smee AcA ) and hence e f
(Smee choseol sets condatn Mesr bt /m/m’s),
Nowd, Jor the oter diecton, (of xel and €70 W A ONA=2
then Ads a subset b (B0)° a closed) set Thes, Fc (Be(x)):
(wby;’) B Hk /5 a M%JJO” becawseo 26D sobile
Xt (Be(2))
Cormollocy: zef W ﬂdmézyjm ha spusc {z)f,f:c/fi
Wi 2,12,
TA@J":"; A:s He s«JILJ aj /,m,% f/ﬁ Conmfjw%iwcz/% oy
(Aoa/m/mj bimihe o constant Se54eaces).
Ex. (@) m#[les 13) =(6,0) apd edlle, 1) = [o0,7]

W 1t (5435) =2 and d(§43,2) = 1452 U503

©) W (R) =g and AMR) =p



