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Normed Vectwr S,oﬁceé

AW aﬂjdm]oof'}aﬁﬁﬂé?dfm/é’fz. s)mmamg,aéo
Ve tor spaces oved R or C. /]’4’7;"3@,-, Jor exw/e,-}/\af Cle.(]
Is & vector o, An ensy way to bedld o mebic on a
we s Space fs é;« Loay of a éz?% ;Mdl:%ﬁ o/ form,
DA: A porm en a vector Space Vs a fmgé'z,n WK/ — [;9,00)
Sa:f;'sl’/ms

() 0= fxll<co horall zel/

(8) Nxh=0 ok aod only of x=0

(t66) Nzl = Je] %l Jor any scalas W/M)I wel/

(V) he tragle mequalty: 2+ yll< lah+ly) feall xyel/

A Luoction B0V = [0,00) sadishung ol b Ko abese
P/‘DWJM exce,’oz': (Y s cales) a /osaufaﬂafna‘, ot ’s, a
PSecclonorm pormid popzers vectors do hage 0

TA@ /321—-!1(’ (V, //‘)f), 60/257’5%3 J a ued;;é;f Jf'gce_' V%aéb‘/’ldlw:"}z
& norm on V. g caled a normed ve s space .

o 3 €as y to See 71)/4} 4-/7)/ 20 rm :'f)o/zzéu a ,m,#/(_ en V Z"y !Mghj
I 2y) = 12-y) 1l wol mfer 4 Ay pardeatsr mebsc oy
Hhe wual metty on (1", )/'//).
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Ex. | |
(a) The Cbéi—o/w}g V%/ZLE. pa*;d?l/z:w /*] D/eﬂu"/)/ M;w a Aorm on /f
(b) Eack o the Jolwos debpes & notm on 427

n n }fz
N, = D%l iy = (Z |1 )
t"""l /= |

ene Il = ﬂZfixﬂ/*.:), where 94=-'($?,,...,'2n)e/€?
rsi's

T he PW729'{201 (ni? expressions ar very €asy to check wohile

the sewon '}é/ca a bi# more work.

The Fundbon W-N, 15 chtn caled He Euclidean nerm and

‘s é"”@f?ﬂ/y/-ﬂc’%oﬂm #e porm A chose on 17 As 2

Aa//gme,ﬁor IS P29, e esupmion Iad, = (Zk’f/ﬁ)?’

deXines & norm oo JP7

©) Eack S #e ,&/éz,a/hs debmer & porm on Cle, b))

/
2

b b
050, =\ et e, nsa, - / | /.em/?ze)

|

azd = a5

Rst< b

Asain, Ho second espesion /s hardbst Fo cheeks. The
les 7 exeS8/on /5 ?Q&/%//y dakor wn Ha* poren on CEBb]
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(0’) 124 (l/) ]}]l) s & Bormes) vector space end A LD is

a lineot subsppce 3V, Ben 00 aho normed by I'l. 74
r's} He reste/eton A NIl Ao O de/gfeas a flelm on (O,

(C) (e m.-%z‘_ abo cons/les 1%@ Seqence Spacz. ﬂ—/h/p  jies
of He "'jca,é,’yf- 20rms  on /Rnif'um m (b)  for /¢ p<co

L a}bﬂf% /é 7o be Hhe collection yg- eb/} rm/ iegumcea x= izf’?
for wohi Z/%/’p“f %0 an.t e Helbo = Lo o Be,

‘Iyu?. @//éc%;’oﬁ Jﬂj/éatwplajrtd%m Eacl Z/; s a
Vector 5/’562. Uolet “oor

a/;iowéz m’m,"aaaff«’an MJ SCW ’
: 7
m"'&f//caf.«bﬁ. /Wo/eov@/r, Hhe Expre 35,00 //2/49 :(Zl%f f)

% 1<p<eco or fay = sz% 1% 2 p=co Jubies a norm
Né

o //a, The cases p=1 and

P=c0 asn M)’ 710 C&Ué (e
will veriby He oler pes, i Shorky.

Le,mma ( e Cau.:[y ~ Sehioarz 'Zog%aj://):
/9-'5%'} s )’25//2 ”)/ﬂﬂ For any Z,)/é’/’g

=

P(ic»o;; Jo Sfl'n/) /15/‘ f)o%dj/aﬁ, L«Jﬁ'ﬁé <2,7> = Z 2»'%1.

We .ﬁln;?" 60/751'&[21 ‘/Ac case WAC./'L 2’,’76,2”(76&1; ;'S,;ti_.-:()
=pp o &JUW?). T s cese, <%, y) 15 Mo wswal
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“det preduct ™ jp 7 Ao potie Hod coe may  Suppose
'i%z)l 2,y #0. /TA% /s /707%'1/3' 7 Wi 7/]{ a?%effti 0)» :
/\/ow bt ek Mep cons/dler

05 Jz+tyly = <z+ty, maty) = |21} +24 <2y« Py}
3,'/)& 7%1‘5 (00014")1//14’_)) ?ﬂﬂc//}ﬁﬂ;t e 25: s dj«’éﬂf /kﬂﬂ[jﬂj?l@,) E./
Must hove. a BONPOsitive  iseriminanl. (L) ¥ ?) 74:4,
(R<2.52) %~ SIS Ny < 0 or, albs shop by
<z p) < sty Tat i, | 52y < o dyy,.
A/az,.) ’%’s :"m'lz— %kﬂé w/mJL toe w&ﬂ‘/egﬂj éaf-, :‘# a:jm//)r
fmf?/;’e,a ‘/'l{e. 5'711‘1230}(7/ fh—iizca/f"f‘/ 1% /fe J%m,oi'— J /ZL zzmma.

wAy? 566@% 7%& fheg/(a//_‘?ﬁr é{aﬁ Loe bove Jéw,o ng,g%
also hold For He Ve dors //ﬂjf, /2’;_!,_'_ . }2,,}) a,Q,J

(AL 1A, I0l). That

Z [2:11 %1 < izl ..., 12,0)]] e, .., b;,))'//=//:«?/4//;0}l

Froa /7, let: x,ye/'z, Thep bor eald we hoe,

a 2 L’z_ 5 ~ !,l
t=f : |

t=|
=i
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Thus, Z ). st be &/ésokfc/)/ wﬁVefje,/)ﬁ anel

L=

sedisly S 1zpl < had, dyl,

1=|

Now we ace ftaw/y to prove He #:‘a.n‘?& IW"}/V Por Fhe

La ~ Form,
Thm (/77:'04(’0&355"5 Zq%afﬁl/)‘ Zﬁ 2,76 ég, 7%?—/1 x+yeéz_
Mo recwer, llﬂuyﬂ < Jlal, + Ay,

ﬂ‘aof Zﬁ- };//ow'i ﬁrom 'fge, M/— S;lwana m,e?,ua/nly ‘;Aa:)l‘
;of eml 7 we }LM .

Z/zﬁx Zm « R Z*V gy
t"*i

< BalE 202, DI, + Ay = (12,405, )

77,,,,“,) Since 145 émé:‘?lnsr/, e hae "2:'*7&42-&-'29,

he+yh, < Jdl + Jyl,

T /Omcu.r{ s “phao et ,N/ /s @ rolmw on Z/

Lemma (et 12p=<0 agel bt 2, b2 0, Then, (a+)'< 2" 10%4")
Gmsa?,mn%/f Z+ye //o ohencver o, 75//

Pook: (8+6) < [amexia 1) = 2" max {2’ b7}

A (ﬁ +5P), _-%w{, 2/# 2’,)/640, 7}7{&0 Z}Qn*‘}’n' <

n=j
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p?Pz 20" + 9?’02 Ial " < 8o

nN=y

Lemma (Vong’s 7/20%1@/)47)3 et 1<p<eo and bt
G be clebned by 5+ 5 =4 Theo, b a0y a.b30

we hawe ab< ﬂp//: + b?’/i 3 w’“/z W!,Zy OC(—MMJ A
ard onfy b g™'= b,

Frook: Since He /he,?/mjr‘év /"Wfiﬂ/})/ holols of &'/Z@f @ "'.”pé’ 4
0, (e mauj Suf}paie_- ot ﬂ,é)O, Sihee 7;5-"'?’—-51,
e set Hadio P(E+G)=p ot 13L =L 30 ouchud

,;-j- =p-1, Mot ‘}A:J,i ;/%*%)32,1%/1/)»%3 Fhot-
i
Feror The 775 57 B M, o

Bt 9 = /31-—7 +[ ,},,/D/y,;,tj Hed, ///ce,f) 9¢ (I, go)

TA;@ X 7%:, ;Za’)d;bf)s f(')c) =% P—’MJ 2(‘2’) = 2:2 ! an vessex

I‘af‘ x* 20,

T/u; f/‘oap ap 7}{& 'W(ﬁ/f"é/ .;[is/btﬁs P"bm é Cﬂmpﬂfjaﬂ oe :
- areas (see Fyere dedows) The ana of He /z:m‘ﬁn}é o]
Sicles A len J% & @l b5 At MRt He i ol Mo aveas

wnoler He W}m gﬁ '}Ae p(u’)oéb{)ﬁ y=Q:P" br 0<x < ex
aet z=y?’ [, bsys< b, |



That /s Y S I
a,bs'};fc’”o’ﬂw i y¥dy = ot
Cleer/y, ualidy can occus oms/ A a"'= 4

e can pow genenlse He Cauchy-Sihioora heespa by
Lewnmo: (Hslder’s Dnegualty): Jei 1< peco anf bt g ke
ci;jzhep’ by %*'é‘ =d. Giep xelp ﬁoJ;/e‘Lz, we have

2; [ y:| < I, //y/fz.

frook: Loe iy Sz{?o/aose%af& //2/430 asol ﬂ)’/fg 70 /YAoca.,
D?%a/wfse, ‘//{% /s .40#4'3 7o JA%J)_ /Vaw, Jor Pzl e ise
?/om{j’j fhef;/mﬁ"/y 20 esHnate,
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Oer )omuf ar He. %ﬂzzfaj/{cw zhzgm?l%/ il be M ewsier o1
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W xe bp, Then He Segice e {/z,,)’”?ns € /2 be casge,
[P~ ’)7, £ Merover,

7
Dl = Z/fw’) e

=/
Thm (/0 keowos ki’ Zze,?/(&/#}/)! let 1<p<co. W xyg 2/0,
then 2+ yel aod Yy, < Nzl + Iyd,

PFooF [«-Je, /xwe a//mgx J'éaw/) %M 2:»9-76/ Do /Wbue,
#.e 7%&-’?742 /}29/@(/,75; nee. once ﬂga”) [e,é- 2 ée MIZZ@/A)/"
‘L 4 &Qa/ eSe 2oeo e //z: Je/‘/S /hz?/(ﬂ;/ 15; 7’0 edhzaﬂ’e
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2Dy Di12,5300 "y + 170, Dt Ty =
R CTRY T

That /s, | :t+yﬂ;-‘=‘= ﬂzﬂf-yﬂ;”'(}}zﬂl,—rllﬂf)’ vy '%:'}rm%
fbé?&m/r}y ﬁc/lozas.
/_:'m:‘?zs " M/C_ 5"(1(&&

H&wfaa Gere/ R Irzed Hhe 20721 N df’sita_ocz,, e asre Rrow
rﬂm/y ko deSne the wﬂ&,ol«é: K it an abskact mec
Space. Tém”-gﬁoa.ﬁ s mcdl/aﬁ, 1 les otherske s/aea"ﬂfea/f) a3
Wil asssmme Hor?- e ak aliocy s o?eajr;«g it a gemeric mdvie
Space (M, o) |
Db Given e M aad rro, Yo st B,.(2)= Jvem: diayy<i}
is called Zhe cpen ball abork % S mdies 1 2 e news)
to refer to He medric d, Hen we cord B2)
e ill somedumes dospote, 17 C,J(Z) = { e Mt dlz,y) < rg
tha closedd ball abert, 2 of rachis 1. |
Ex, (@) 70 R e heve 800 = (20 200), Ho op
tened o redis ¢ abords x azl Cplz) = [2-1, 2+7],
the closed wtensed of reddiin, r abord 2 .

(b) 0 B He sk B.(2) is Hhe cpn Jik o aolises
reendered a 2 The appecranc. N D) dependy on
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Fhe medric d}Aﬁmj
2} Jd /s ;mmJeJ Z:»y e nerm /f/{t_) 7%0_,, 5r(»z) will
feok ltke a SouLinte A diareder 2r cendese.) ats x=(4,b)

ndis jzae/m%ol 57 He norm ”'HZ . Hen Br(*x) wf/f ol
Jeke o disc o raddie © centese) abs %=(4,b)
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¥ dis ﬁma”a‘l"ﬁJ b)y e oedm ﬂ‘/}},’ I<p<co ‘)'}u/) ‘6/‘(2)

will bok [tke a brick

i rown ) cornzers, As p 3&4‘6
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(€) 20 & discrte space B (%) = {23 and b lzx) = /).

) 2, a /)omzeJ Veetor 5,ph8 ( V, /I‘/l) the balls CM%/
ok O ply e special role; B, (%) = 2+ B,lo) = |
={revi y=z4+z, ban<ri

A subseh A A M55 sand o be bowsobeel o 15 contasned i)
some ball, Bat fs, # Ac B () for some 2é M and some
r>o, b4 €>de/¢ whith 2 aad © dbes pot. mued -m#faﬁ ph
Yok, A5 bounsd) o} ancl o ly 2f fer any 2€/) we have

sup d(x,8) <0 (1hy?) Belated #o His b5 Ho diameder
e A

A, debned by diam(B) = supldle,b): a,6€AS. The diomter

A Al a conventnt masvre N size becanse. ,*;aé,%. et
refer 2o /ow}o?ls oLt e J/ A

De/ﬁ: A M?Ab@f‘}}aod VP’ 2 s M)/ DC/#\ 60/77‘&45’7;?5 an cpey?

bcu" ﬂ/é)ﬂ’bu.j\ x You S/ZOAUU ‘}zzhé c/'f a ﬂeax‘:;{éaféooa/ap%
As A Mk ” sed oM pork neas z

(e Sc’uJ Yt a Seguence d?,omhﬁ 12,8 Jn /) conves yox z#o a
pa:’nﬁ xzemM S ,I('fe,,,z)—ao. Now, Sipee This et Hon /s
stete 0 Jerms of He seguence. A read nem bers {J(ﬂ;,,’zt)’i,f,
we can easily desive He ﬁ/fawﬂas euivalent- re/ﬁymaé,;-;s,
12,3 convengen o 2 3 saud ooy 1f ’

. , 5&»@{7 any €>0, Here
s an M%ju Nz2Ad swld Yot Hons ) 28 idhensiior 23 N
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or 2,8 converses 20 « ;/ﬁ%/aaa&yg Jrven M)?é?()y
HereSis i ,%ﬁy Nod sud At §2, n2N§C B, (2)

H iz g})ﬂ&t{aﬁ lmﬁ_am M {2,,: ﬁzN%C A for some -/‘/:
Loe m:j o> He Sequence 12,8 I's Mﬂiﬂa/})l m A, 77,,14}'
ot los :Pc?f'mwéi}:én can be a?ﬂ%ﬂ

fﬁtﬂf wnmju, 2 z 21 azp/ aﬁ/ﬂz z»f %g, Wna. fz,,% s
Wz'.zu.ﬂy h every m"il.boréan dz

This Pad version ts blme by 4 Joke) locke o A a2 ¢5!
In tny event, }'m‘ as it real Sequences , Lo “4“‘%’ settle
Iaf ’A/m, SAM'/Zﬁ/LJ W B A n /0/&& J’;Z& /94/‘5?96 1208
Coxzwerée/s Lo . On occesion we 0 LT Ho dulaé;,_)z e
set M, or a/, or é'c"/z, and so e /?zaaj afwmn‘% ﬂfhi—afx of
2, i (M) |

Ded: A Sequence §%,9 is catles) waJy m //W,a/) J,J!Wﬂ
ary €30, Here ks an interer Nod sud Hat Ao, 2,) <€
whenoesr mns - -
We cen reword Hss J’u{ﬁ a bt % ftﬂej f,’k,,f ‘5 M)
2 g.rze/an/y 7}?3 gien €30, Heve S5 an /hgézézr N2d st
Yot deem {2, 12N <6 (Hous?)
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The Jist Formulation characterizes Cuueh Y Sequences
RS sequenes, whese elements tend to choster Fo ;z/éu

To viswalkze howo a Cewch y Sepuence m:j’%z{ Jook ke
N ﬂw/ZUB, S/h?/)/); take an ant nests ﬂ/&?/ mmmfe
esery ant b lives in /b, Now place a Susar cube M

Hhe Sk cube is in He cender of Hhe I'&J }myf«
Stope of rachius €=i[0pe,/7 bell &} radis 6’-—‘-:{-)' Thore wll
He ants with the mumber lowed 071l are ﬂf/@—/bﬂ#y wordhin
Hhe red Scopr. L o, f one o Is M&J n m!
pnothed 15 libledd m, where m, 2211, He ditance beboeen
Hhiwm B as most R, As He red crde s shrunk M A5
the susp” cube, we i) st Fned o adl ot gh/d{-//

e / .e'nseds are ;',osf’a(e, Hhe /EJ Cz'/‘o(Q,.

5uﬂoaw
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Lolatis! Fo Fhe wﬁae/)ﬁ ) O/uﬁl@fﬂ'% (zfe,. Cemc/);) Segpences,
éu.# M po Lo tolenticald ho 't /s %e ca/?z;efzé, S womfﬁ#
Seguences. for convenience , He definhon f conversence /s skl bedoo.
Def: leds (Mol) be a meterc space . A sequepce {%?,:,CM

15 sewsl Fo conwe//’jc, in M N Hhere s some e M sued Fhet-

for wery €20, ‘%zm s A ,b#{;zf A/?O S’uoé M o)(% 2)<6
whenever MIN.

Cx Jetr M=[0,00) be Wf/ofe,p/ with i wwal Il meie
and Lt {5}, be a seguepee in /).

(a) 25 {*}7’%;‘;} a wnw/fjcm’z ieglze/)c&-?
(b) 25 $Hin 4 (Z&zu})/ sequesce 1
So Ao | |

(a) Pecoll #hat- Vﬁgmjy Familio expIession Srorry Cadeachen:
L —p. (e wil shoo Hat 143, converges £o 0.

i
f—300

Sice B 45 an m"aé/&j fer., ,7;7‘”0} =5 <€ A a@/m/}/
d 1>k (hy?) W Folloes From Hhe archimedesn pmﬁérA/
of IR Hhots 7 7EL is achleved fvr some m%'a’ew#y Z&fgz ‘
fn%e?a WM. Thus, f 2N h<e a 9&4/’,&}’ -

(b) The SequLslce s Qaccé;/_ For €50, b N be 2 posihie
indeses such Hat B N Ma-0l< % . Then Sor myna 4/

lb-%] < lh-ol+lh-ol < %~ % =€..
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£x. Zd-’a /)?c:/ﬁ'? be Fhe. set of poss%’on coafa//’/m;‘?a of ants

wr# Fhe a&z(ﬁ_f, f]‘ﬂ,_ metric | U5 Fhe SChuerrce. o anbs @ Céuu:/’y
Séaﬂenm ? 75 P2 Cdﬁl/&qfﬂzl’ ?

So/kjfba’??

Since ’f}u;- M’l”ﬁ Mﬂ'}cw){y G/ﬂs?éf Joyj%c’f (J'.e,, ants o)&sw
by locye poyitte hdeers pre close Fo one Mo%w), He
Sé&/u,e/)a: ,y?r 7%24'/‘ poif%bﬂ COOFJW ;@f‘m a @My Séﬁawa.

The anks chesder, AOMMC Mﬂ@/ & Sugor c:u/ée,, Wh/h i
w,«;s&m/?;/ ot sn o>, Jopce

converse (i /1)
Ex, Consider Hhe Seg/ie ce i} i:, , bt His bine, i M=
= (0,20), Then 74 E,:, is s a Guuéy Sequence unler
the wseal metic inhersdod by M Bows J. Notte . bossever

thods ‘/;}’_”)007; =0 9'/ (o, 00)  Thus f?%{,: does ot comelye

(in M) |
Fx. [Ohether a seguence Lonvenges o Rot- OIW on He
meic unchon.as well, Lt (M.d) be the mehic space
[6,00) unles the diserete metric dlzy) = & s

o Wx=y,
The e Seyuen ex 1 })’:, doey nst convenye y for eany xe M,

6;‘(&_’) = {yé-m: G’(Z,y)d {? = {22' 2,00%‘24’ ZG‘(.‘J/‘JS, %?::’
Farls Fo cjuf?gz//‘ Wlmﬂéﬂ%

%6 Sequerce does ot
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Ex, Whdher or nor a Gven seuence Is A P o’qamjg

on He metrie Suoddion, bt M =(0,00) anf J be ddne)
by dlxy) = |5 J1 Theo Yo sespence 432

s ot Cauchy d#, #)=|n-ml 24 Lt murp

Lets Fry h clar'Sy He /’e,dq,éfop;/,,;; b C,W%Ay noik
Conves§ents Sepuences,

fropositoni Aim'k are wiigue. That 55, 8 24 an
2,5y Hen %=y

Proof: e will show Hats d(z.y)=0 by proving ot
d(2.y)<€ Jerary e>0. Since %'ﬁ'?y, Fhere 15 some
N70 such Hok day)< S sohenevet 0 V. Smilocly
Shce W 1> 2, Here /s some M>0 ucd Het I, 2)< %
ohenecr ny Y] Mh& K =mox S M N we see. Hudk
H2y)sd(2.2) + (2, y) < £+& = ¢ whenever

nr K.

This }ompasf%’m /5 ma%zmha. it 46/13 w5 ‘%dr‘x h)Aﬂﬁ wt: ;o
Som.ew/zem, we il arrive /o on/y o p/ﬁoz, 2 wordol have
been rathers can.}agzla 7} We @«mf/‘w/ " S&t/‘e’/zz/ ,p/ﬁ(e/s at once.
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Propab/ o/] . cgm«ry manm# 567/(@{)& /s Caa(/y, W A

CM&’Z)/ Seotence /s bovpste] 74at: /5 He seto fZ; /)%.’f?
Is boynlood.

Prop P Sippese 2,5 % - Then \Bor ary €70, Hore s a positie
;'r;‘éng N Sud Mot (2, %) <& whemver NN,

Now d(xp,2,) s A0, 2)+ d(2, 2,)< £+ & =€
Wheneves P2 N Ths 25" # M),

Suf/’om ml,ff /s Cduz/))/ in (Md), e would ke Fo show
thats {¥n: nz43 5 bowglecd  Thot: 5, we peed 2o Fif
YEM and reR Swid Hot d(Jn,y) sF zfafa///ml Le#
€20, Then. For some N0, A, ym) <€ M,ég,gw,;m>/l/

St Y= sy aad r= ﬁ’d(y..,m) + €, Observe Hhui-
1=] Nl
o’()’a,z@) < € whenever N sz/ A(Yg,yﬁ)*de’(VJ,}W)

wheneses nsN-1, Thus J(Vn,y,v)< s Fofﬂ// n;”/V,

AHAoagﬂ ety C&aﬁy sequence. 1s bowo e, 16t every
bou_@jej SegueNle 5,10 '/zm?, Cowed, . for €as y efx&m/OZ(&)
consloles ff??:: C R under Hhe discrete metr/c Thss sestcoi
I's bownsdsl (péy?), bid i ot Cawd, . As GapHhes

x M/)ZC, petice Wt He SeHhen e ?‘(——/)"?’:’C B s Zwm,(zj
0 any medric, a5 +* dus binsd g



