(N
The Real Miomber 5y3derm

Hovo rho/oof*vz&/z‘ﬁ‘\ are Niem beps ? To He /oy#ﬂiormns}
Numbers were. it ra /}7 wﬂ/yagzﬁﬁ Af@/ wﬁ% 2«:}9J reasofy
Jhe /Dy%nﬁoms émux,é-# Jor#l Hhe é/y/ao#%z% |
Dé/'e(}s anel Heir fmpzr#fbs cocds, in /fobc:;)oég be dedicot |
from one Déj'e,d'e.,la/u_. Here is hows if m;%;g Loord

Jom

Take Tom, he /s B Sech ol wel he Ioves his ’Zoé,/),

bear Jimmy coho /s 6 Seds tadl, Bt Jom i oo yoing

b koo a foot as e wmt b masuremess

(or perheps he /s &emmn), He measurs He oorld by
~ Jomy, }éwfhs a Chinese mablematics hdor, Tom can

deduce Hab T ' Fy Jimmies bedl and abllont 7,



(2)
]’M«S nees seey) @ éf’ﬂﬂﬁﬁﬂ,) }}&,M fl/na,‘zm }lf/' $'2¢. LJ/L(,{) AL

"FS }o/of’rgﬂ;ﬁ -sjw, fs ak %d/eu o) j/homzfe)s f/ace‘J one wpon
Hhe other |

Con Tom exctas i Mo et B Bbgoras Ho Yonmy

I's He measire of all #ms ? The ans ,

o Towts \debotr o yg?m&f 5), Zc:«:% h{q%
Ha number 4, Top bedves Ho Ho W;}r.@) i}#u
Dé’jaj' codd be orruneades] fo W & Jr‘mrry_ ACco/‘Jﬂ’l«S

to He pytha gorean Suboo| A %ou%ﬁ, Hs beliek &5 epuinlest
to He assertion Hod ol Pumbers ave Sracho,s A 4.

That %, aldl Plember< gre b e  Poro o . Lohesre. m andd
7 are Indegers anol 7220,
%ﬂpor*}w,&ej)/, S%?;Dj(,éj;{h} Hadn a// umbers are fwf:/};/y.j

;m&/"/ons lools » 2 Sordk N Foidle . Consler He /’/%i’—\

'}T‘/aﬁj(le_ ;,..J:"/{Z Sholen :f,
/ 1

d

The hypolemse | wohose /@nf}i s ¢ must~ satsSy He
fy/[azgp/m W{on 1 = o g€ =2, % adl
Numbers asze Mf/b%j, Hon 5 Wéﬂ s no sokdyon
a5 He L//owths propos Ko bnphes,.




(%)

F/‘D/DDS,"A’E:»/?: Let P be 2 prime, ﬁwmée/‘ Tos Hae
re, Ho /W%EI‘S m,neZ Sud Y (.77”_?_')2_-_-,/0.

Frook Suppose et sul. a Pumber does in fact expt, Thot
IS 34«70}0912_ —}M#% /s a /Eijé’o/mj M”M %n_ Su, %ﬂt

(B=r

LJe can alime ‘}Aaj:\ %4:’5 M%n s n S;‘Io}a&zf}' W
i ot woonds, Has ged(m, 0) =4 (wheve ged shuls

Yor WM Cormrm N o/ﬂ//ga(T)
Then epation (1) can b woriflen as
m= = np (R)

b)}n’c,é meas Mﬁ/m‘? (f’ J;';/;’gés m’?)‘ 777103 P/m

% PorBesder, Hheye ex'7s an zb%gw K sk Hhad s
Srom wobid 1 folloros Had m2=k%p*=pPp of

k%p = p* (2)

Bot H5 means Hod ,0//)'? asd Herhore Aot ﬁj/?.
Th s 5 A Caﬂ?}’laaﬂ‘dé’an) Agcwose /¢2¢€J{m3/7> zpP >4

77”"/‘?: po redionsd Saction Swfkﬂyﬂ/ﬁ Pl e%prn ;z’?-:/D
f%/’sé,



(4)
TAZ Coﬁa/zéf/an J %ﬂ ﬂ/éuue, ﬁ/"o}ﬁcg;%‘é)r) /s W ﬂ?/hs'
I Sees #> J‘z%bi‘/' the non- MzMa//z’1zy A Hleo Conczfﬁ
of (mp@j U all numbers are ratsoncd wnd 24 4 /v(gdﬁ
bianle will sl o ool 4 eisds, Hor eotler de
by poleme. hon o boghh or i lagh 1 o5 o mcdealy
et sort and Hhetdone incommensurable ith He
leosh of He sitos of Ha right drongte
e con #\y 7 Escape #fs conun dserm /97 Je,,q),,,,ts Fats
/‘m)Js «?’F/D/’JJ?‘I.& f?ﬂ/ﬂ?M 6’%;%’22, é&ZL\ ‘}211’5 r;]dt’/‘i )’20# Seem 7"0
aim with He /9/7),5-/“' éf /M/é%
Ex, Saﬁoase, %}‘q You afe Sﬁmsg&ﬁ szw.uo/;m on %z )‘M

When @ C/MS}} aans')é"aé/)'bf? Loorkes g/m}ps a Lﬂz% bt
aborve youl heg




(5)
The, position of e brick Is gen by pley= /542
I ol fpndd o0 your hezeo! p/ECZ:czjy Lhes PE)=565
 but Hhis ool nply et He tme of Wopact must.
Satisky the egraton (42 = 5 or when yr=/5 %
You do pots bediece in reok og prme Aum baf-s, Hen you
hawve no reason. o Sear the ﬁal/lj brick . No Bime 4 sadihps
He eguation anld Hentore Hhe brik ol weer b4 you
(Doulsf you be L.J///(aj 70 Ao an ext periment?

Ex, 24 durns outr Ha even Cops helfece. 4 roots o
prone ﬂmé’”5. As L oas W:’ﬂoﬁo«s /jyfm«,ﬁ[ Ao @@ﬂ&‘/s

L Shembled Wpo & §poco caded “lee Ron —/;ﬂaé&/‘,?#ﬂﬂp,
LAA Caz?ofgw éy A?}Uf‘a 4 Sy,

A 'ff;@é-c//‘;f/‘e/f LIk 6:‘#&/‘/}/ ﬁ.raraﬂg wx/i A ﬁaz’a oﬂ:zef
abods 4 5/&@/@ bk, The Mricer wes 54 b a Hrodect:
evten /Aﬂlf% Hhe drivesr roay Peel Cawdt= in e act | The
GFE»M /mo/ 22 a}/e,wz#/lbfta and 2o i ta Srom radar of
tredbrc omeras, Jo Jact Mo was 7o dipe - Jins? W

to station b et s 6o mils Sy M s e damall,
Ha 0430[(/5 ) &Jt« ‘}Ae_ 5}94‘7‘% '}‘Z-L c/f‘/%) 56343 /IR 00 (z‘::a)



6)
ond clocks ot 1Pt trrnal ot skaton b one hou
Jeter (‘}‘:i), Shffa’se M He S)uep( bt Is 55 m;’/).,.‘

P =60

A}Moaﬁl e dribier 1003 el oAsm/eJ sn He roael and

'”‘M/%/E /7/'$ /’aby/on Flé/)a%fan P(i:) /5 /)oﬁ /400&0/7 7%6
"R’ZM Cen L’A?m/oal%, He }f‘ﬂcél/'i Wé& Lﬂe/om’;y éo be

(1) = P(6) uy
£ 606 /h/’_

—_—
—

| - o

Thrs, howeved, /s }'m’:'#e average m[’cizy Xy
i Mot He' Fkar it hose beur specchig o He
V\c/lo.;,;,iy #maj,/m:f é/;_ }'au“/ze ) wes tonstant But
Wove /s no data abods He ditiers actond moton
ol it scoms bishty unbhleedy Yot He dy s s pee!



(7)
ik o pont, Mo pebie oBer mak recad) fo e,
'V%JJL{ #ep/kz,'ﬂ) )angz'[ e Azb’) %) 71)14_ Pb}l"a_ &(ﬁéémy

Zi‘}o s &D%;zoz‘g &) [}:,U &Q;/ cﬂ’ﬂtmﬂ‘é%& or7 /‘9> 1)

e s ¥ il N
bo= T TRE)

Sor S te(0,1) Ty oMher Loprds; e mani valie
Hhresnm rplts ot 4t Some momepsd. vo He. )’*—'w‘/ws )
te achad veloiily o He tuk much hmr beer egpnd
to e avernge V%a’azy‘

The meer vadye Heoren 2 ﬁm’n/y sohd madlemot,, |
MYt Does 1k bty Mo Anbes ol Bobeot Hen?
et~ pl3) = Got® ep ploy =0 a,) pIY=60 50 p (o [/
hove beer He posihs,, o A e hud drger
He road. Noys

)) = PLO) 2
6O = pj)j 0/0 - f}(i") = /501,

Thus He Hine when e Huck drer madler He
AVEeie Vl&éoa"/y )5 #= ,7%" o you #ank Yot B

does, not ewé‘/«‘", %y Conp’zfoc,,f/;,S @ /DQ//&M. T/LL)/ ane.
J,’@;za_,”’ ;o d/jde_ LJ)’%_



(2)

Ex, &ndb‘ons cmgiwf o1 /WJIZ/M@J ﬁmc}/on& are
oSten nota sifbiciently descriphie wwen when it comes o
P“J;'czlﬂaé ferms jn a SeaLLeNCR A W T et rmmitye ©
i "b‘k{(f 25 a hncton K sroHles fhéjﬂ/‘, one mmJ ecod
to resort Fo roots A e et bess:

C:}ﬁf/’o&’/f #¢ Eévnﬁcd mm;.ée,f SW‘@
1) =4 FR)=4 and FlreR)= F(0)+ Fn+1)
LJ}LM% F (/2) ’% ‘AZL /7le Fbonace! mmo)a&l‘ fraé-’ﬂ}i’g@a/ é?
Some ' Suockion - F ‘W — //l/
% Cen be Showor ’/iqj&» _
_ . N
(l+uf5—)n—(/—\/75').

fn) = A e

Loh/h s W)%DA“ A VB s mots & mumbel,

These 6)«5?499/9/05 shovo Hat~ He rationad vmm ber syssé:,m s |

xbm&m Jor Many Puposes ﬁ/b/ m;owz 7%/:‘/!@2/&, be e)t/tééwaéa/.
lebs olnote He setz A -rattvonal mumbers o/t He lLber R
As A Berns ob(j‘\, the observabps betnd reveats He //b/efé/
which B s éack:hs, by @ﬂf?f%z}ﬂj a sct R Som R _
W %’/ﬁ///lb LA w;ijz He m/rxs'zl«g fmﬂ‘/%/ Loe .cw'// )ozz/aé



(1)
he number system (o He. Hime &wg)

Obw»’w/;bn: Lq?]f"\ P be A /9/’/1912, ﬁmé&/‘ Setn _
= Le g where B s Ho

A=7re®:1%<pf anld b=re @ rosp3

sets o8 4l Posiive, rechonal PRumébers 7&/;, for ead, re A, Hers.

8)‘:’5‘}5 SEA S&wA 'fjﬂ\i <53 Stfa?;zft/‘/y) ﬁo!‘ng féﬁ)*flm /s

Seme sefy sy, LA 5<P Mon e‘x/o/,'c,,%é,) cé’—ﬂj)ze,

e p

S= p- s (/)

Ther se &390 /}) e s ré- p<o, /}n/o/)ub,s St r<s.

On He othes W, 20 reb, #.. r&p>o, )I'n/’dwts Hhats 1S
2 ' (fap—/oa)(f_/) (2
C T TR )

TAM’ zﬂ PGA_’ "}}[\-ﬂ—/) /"?p-,D2< /"?—-/’2
then seh, W red, Hhen s
5¢ b,

The DAS@/‘M%D abose. su&a;fs M 6?47/ f’/{bfn&/ﬂk "n 56 Q
5 an Lpper bopndl ,f A 90 oHer words  of 5D apd re .

therr r< 9, ;k/%vemmfe A fas 20 Smaflec /z,)p/z/‘ Aagdzoﬂ(,h &):
Jorbry Se B Hhere, o $<5 withs el o4 b4 2 % an
WM Z’JD&u?&] aﬂ A_. S;h?;*é.f /‘Ca.go/?:'lab 5/200..75 '}'Aﬂj.\ 6

=0. In fw%’aoé@ o re A
,‘?f)_/pg;,/p’?_/&‘?:a) ;Ln/o{y,lag M



(o) ,
’s bownsled bedoo 4’7 elements in A with ro fa.qgj‘\ locser

bored, Le cill 5000 examime Hhis obsrvsdon more chosely,
Deb: Lt S be asets, An orderon S i a 00, ohgrbd -
by <, i He Yo/éw»j hio prperhls :
) 2 2eS ad ye S Her one ﬁ/zp/m{y one. oF We stedmessh
L) 2\ ZTY PSS

5 e
(¢1) ZF x,¥, Z€ 5, Jz<y My<z, 7‘1&/7 B <7

W Js oSk convenss a7 MN'JQ V> W /oéa_ ob =<y, Py
Woteen z<y sodicades Hots o Y or Z =Y, 195/ M, 5/’%’%’1’5
tobih ) Hego '}m;’s%/wé/, 20 0oy
o x>y, |

Dy oA, Blikevn s # a  wods S;baa?é/a(anoméf;% %MJ,

For -exa—m/oie, R is 2n ofaéd% W r<s 4 lehneof Ja"’zem#&i
S5 a posihve mfy, Pbirn by,

M«' Suffoase, 51§ afn Ofpz_'/aj%) ﬂ/la! EC 5, Zﬁ %o/e Ot)’s%
2 peS sucdHypt xs< phW)’ ze k£ waia»s'/ﬁa}a

£ /s Aouqaézod a/!wue" W (ﬂ///ﬂ’ An Uppef A_gufu,! (j« £.
LDW AOM we Dézﬂ)
o s;)

words, xsy 5 Y. .

7"12.&{ 17 7%2, Same. Loy (p,’f{ ?/;bjﬂ/g&



(1)

Det: Suppose S is an ordend seb, E<S, sl E ¥ bowodsd
whove, Suppest Rere ety ap e S ool e Sollovoin propentis .
() « 55 a0 wpper bpupd of £
COR y<r Hea Vis 255 2n wppet bousd of
Thea o is calleod the leask wpper funpf o £ ot Here 15 ado rows 1=

one Such & /s cleas Srom (55)) of He dpremum of £, and we orid
X =5wpE

The greatbsts dowsir ol or i oF 4 51 £ Sobidh 5
bosaptec) bedoro is defimesl jy Ko same mbpper The shadoment

D('J/lq/gé

means Hodh X /s 4 lovers AamJszW%j‘\ﬂo/o, il
/))79( 5 oa ZEJWADW{&’L £

Ex. @) Gonsider de et A ad b Josorided) aprfir an subsets
of He onkeacdseh 8. e soh As bkl b, 70 St o

Wpper bounds o § A ar C)‘-&c’f%/ He members oF 6 Sibee B

wlﬁa,,h«
no Smjéa‘k nmé&,-, /4



(12)

b) W x=supE ex'sts Hen may or may nots be a
My ber o5 £ for hstence., b &, be P st of all re O wr}Z
<o, et £, bethe st b all re® ool reo T,

Supl, =Sumpl, =0.
and 0¢f,, oet, .
©) L E CDﬁSigi#ﬂ&j”krI'{é&p; Zp, W}w—/b 23, .
Then sup b =1, wbich 5sin L, ek WIE =0, whid i pot i E.

Dele Ao ordosed sct 5 is satel Fo hosce He lens-spper- bovn
property ok He J;jm.a)hs ’s Frne:

W EcS i pok gty waol £ 55 bounde wbove. Hon supl-
exish i S, Observe Hods R olas not hove A, lbastcopper- boos |
prepery.

We now Show Y Wygpyﬁ 5 ot Mo &Mﬁ—zjo,aer—éém,(
Property abo bos He S tadesl~ Lo rLovn) prperty
y 7 - 51«70};:::9& Sk oan ordered it sor W Ao 269.&,%"‘“74’/?&/'- éawbj-wy,

b S, b i st 6’4/7)/9%), ool b i Lol behns, le ). be o
sehs b all Moo bowd of B, 7.,

0<‘=5a70/~.

exis7s i S anel 2=l b
n pﬁ/ao&z‘r, ,w% exs?s S



(13)

Proofi Since B s boupo oo MW, ~ s ack M//)/ Shee A
ons/sts of ﬁxﬁo‘#)’ #as‘z yeS wéz% Sméi;;y ﬂa /
S'o/‘ &”2:6"5, LI See M 5“5/>7 2:56 5 an l’ﬁ?é/ Aaz%jaﬁj\,

72;(,; A 5 é'ﬂk’b(a/ aé:a/[g, Owr /7;907%24/5 R«éw«ﬁ S :I/n/o[b Mfc
Yot Lo has o Spremum tn Sl d x

there /s Some PeA  sucd Aot Y=k ""’/’4’)1"3 Hot- ) 4
s a é;mcfﬁnowbj of 6, 1 XsZ ﬁgwa@/y Ze /6
%E/wws '}Adfé D?GA_

W ot< D Hon AEL, sihe =% an aﬁey‘éawbjopi.

We have Shown H#ot wel. by ALL N <A, B D‘}Aa{"éoa&/g,

oS e lowier Aa@/&,{g}fé, é'laf\ )f’i R % A > 72"'S M2
ot a=37}_/3,

5%9/& jDJl"’B D17, You SAO’M revieco 7%& o[?/ﬂ?o;'aﬁl‘ﬂf? ﬂ)c af‘céfaj
E@N 2@/ F@U 4)0’2:.09«53

e e stite He existoe Heorem 1)) lows s A -
externd e radons) Mmber sy steon,

TAm.‘ TA&«: €)l/'5% én o/zé,/cpj S%!J K l)j”% 49‘5 7%2’ Za”—kﬂkﬁ&f h ADAAJ
propery.

Moreore s, V'3 a:nJa,/m & a A SL«M'

ﬁ"ab;f TAL f{)f‘opf”s SD/,«[J N7 ‘//JL Af)ﬂc@/.vb( rﬂf (/)Aaff’%e/‘l a}j
Vrinciyles & madlemadieel Aoodysss ?



(19)

(e 1010 aémzmg, Some :ﬁrn/oomzan'z: }m)@/%&g af //I@ Q@Ua’e

Thm: (@) w ze kK, ye k. 2.l %70, Hen Here
intger 7 sud- Hot-
0z>7

(b) % :tEK,ye/e, ae z<j,’ﬁ{w#zm M?Js.a/oéa
Sucd Mo Z<p< |

fart (@) is usually refesed Fo ar He arcdimedico property of I,
Foardt (b) may be stato] /9; Ja)/;)q,s%pyﬁ R s depse i I

between any hoo vead mum bom Here 15 a riivnn) ong

frooks Sch A= fozx:nenl. 2p(a> were Seke Hes

y wodd b an sopper boypd of A, Pk x=Sup A S xro,
-2<% sl a-z 5 pp an tppest bocad of A Henee

XXM Lo Sonze /Dpj;%be, jos(?bpm &j. 7%.&-0 X |
. , .’ <.':(m+})’l€)4,
whih conbadiid Ho Stnre 77 Aot o= Saep A, Neretove.
A /s .&o‘)l:- Aa%/gl/épz/b. |

b) S5V Z<y, we hace. y-Z>0, Frove (&), ne wf?bélo(a
thods Here /s an /%ﬁe/nyo Steeh Aot
Ny-z) >4.

Observe, ot Bor some intger m

m-| SNE<m

5 a /"053'7;%,



(15)
Obsene ahio Pt

M<I+NX < ny

Nx <m< Ny
M pardcdes

m
b S -—n—'<'>/

Thx proves (b), W‘Jz }":’_'%2

e & o m// q‘a prove %/{z e?ﬁ;’ﬂl’mm aﬁ /7# moﬁs Df
posihve reals

TAMZ };f W)J rm, Zz 70 WJW}J J?)‘ASXJ‘ nzo ’}A% /s
one aﬂp/m/y one ml)/ Sudd - 7=z

Froo§ | (fu_Jﬂa)? Thit Here 5 2t mosts one Swchh y 55 ey,
Shee O<y,< ¥, M?}o//bs y'n_: y?—ﬂ

Lt £ be e et .cms;s%ns o 2l positive. read numbers - sud
Yot <

b k= 2 Hon vst<l, Hoow et ke £
anl £ 55 nok eomphy,

W 47142 Hep 272252, 50tk EgE, Thun 142 i an
wpper bovnd oF E.

Heve there exishs y=supk,




(1¢)

To prove Heb y'=z we will show Rudhs each of Ko hequalihes
Y'< 2 ant vz bats o a My‘,/,ﬂg%/g‘

The Mm;é’é, bn® e (é-a)(é”"v‘én'ﬁu..ﬁaﬂ"' yiedls e
hegualdy

biwa" (b-p)nb""
wher O<a< b
Asswne, y”<z, CXooSc /z 507%47'—1 O</4<|/ W

n
=Yy

< —_

/1 y+1)"!

hds a=y, b=y+bh, The,
(Y+4)"= y"< 44 ly+4)" "< haly+1)" < z=-X
7 partrale,
(Y+h) =y < 2 -5"
and  (y+h)'< 2. doplyng Hot sthe £, Sne yihzy

This comdradnts Ho St Yot~ v

5 an Lpper Aotceo/ 2HE,
Assume yisz - Ak

M{‘/)/ K20, Observe Hal nk = yf;,% < —;7,_—,‘-"-7
W pardrealss, o0<ns<y




(')

Thus,
V-5 kny™ =y
M parbdar
2 <y-x)"
W Jolloros Hat y-k& 15 an wpper bownd oF £

bk y-ke=y | 1o4sl contrabyh He factd Hod v ss He loas?
Hﬁ&fiw%, of £

Henece D i A W?zz/}ﬂ/bb‘zfs c:a”y:%.
R"oa,‘:p? (ﬂ?zﬁ.w)-' Leb £ be o5 évzﬁ»'\?, f;/ém)"%e, ﬂg,me/;é

oF prosl 2 b shoro Yot £ % it 7y and bowndo ol
St y=sup £.

e woill shors At y'=a by Provm fats /):”49:/< €
Yor any €20, Thys m’//;bn/o/)/ A /)/-”-2,/ =Dl Y =20
[t 70 B h<y H,, Y=h s a posibive. mumber Hae

ot~ an spper bovnd of £, Zofwéw HBore 15 some e L
Sudh Hot y-h<F<y ant HherSore,

(-4)=< 2% 2.
TAM )/-—/,&:E‘
Objm Do 1o M (}/1"/)) ”72\_, }p{" Vﬁ (;’-!-A)SZ) 7%&0
(y+_%)ﬁ< (7’+A)n$Z /PD/J/)/;L:} —}Zgﬁ )""“—2)%6 E. JM(J
Cao%o‘/fdgﬂﬁ He i Hols 5 is 4 tpper bougo A £



(18)
W olboios Hot (35-1)"< %< (5eh)" Nedead)
(g—/,)n.fyﬂe: (ﬁﬁ,)?

(54 = 1" (4e8)”
5‘5‘3’””*”"‘“’/})’: the Adistece Jrom 57 1o 2, |72 | is loss

thon (;/-M)n— {Y—A)!T This can be proves Wy?‘/m//y sor By
M J%MA)/

Thus oot |
o n LZ o =201 R
[y*-z| € {%‘“A) “(71-‘/7) =R (2.’.+l>7 4 =

7= p 2 L=0
~ =L~
= 2)1 _ ét'*l)y
120

&J)w/l', ZP"J /s 7%:, .féwr fM/pD (J’.e,., & gze_n/)’an %f» MM X
doson hodle nesmnt toteger) The expression

n-*’J
¢! M1 =2~ -1-"
;zf Cn'ﬂ)/ A
=0

WaAs J&n[/g"j Srom wfejbl?}\s (7 +)\)n"' {7 ;)1)0 &3;‘/‘4 ﬂ.e, /th’ﬂ

o e binomiod Beowm,  The losk heguahty was seried

Srom e ﬂﬂ’m/pﬁb/? Hut ) be My&gj fo e é’,% Han L.
ng "7 n-2i-

Nm)"&— ’}AL}(: .5""“' R C,/_,, ¥ )'s jwﬂl A Pier oot

anok
hb < ¢ Sor any € sien a %ﬂfaﬂpm‘// smadl )

Thus 2] <€ ac slsvesd.



(19)

G‘)fo”afy: Wa and b ar /oos:%'ve, rea) nhmbers anl
Nl /s & pOS:"“f’;VC; :fﬂ%eé!/ﬂ '/i&/}

(ak)? = a" b
/D/’aaF: %D{:a”o’, /2,=,é)1/” 7-/{&/7
ab = x'p" = (xp)"
e, oubipliation is commetoie. . The wntguencss asorkun

of Hhe Prevrons ‘%e.o/t’mo shoros Bt
()% = s py = g '

S0 whit are red mumbers ? The f»//ﬁw”ﬂs preposihons aie
Some :bSW‘B,

Pfo/oos.:%bﬂ: Fix an :'ﬂ’jtj(/ P28 and lk janl be any Sgllence
oF irtegrs SA:A%ng’na 0% fns p-1 Jor all n. Then,

ﬁ: -%”E comerdes, o & mumber in [o,1],

=1

Froo§i Since 4,20, He partiaf sums 2 % are /?w’ﬂtgﬂ/fzm
ond increase o N Thus, 70 Shoyo Mgtﬂe, ses/ex, O e
10 50me. mirn bor 4y [0, e justs nued 2o shoo> Hot 4 A

AN wpped fpsndt Sor. He Sequan ce. affmdé’a/ Sams B, 7%’5

s ezs y



o)

i%sfﬁjmoz - 4
n=

n= .

&nww/y, each . 10 [0,1] can be so rl?o/em%:g(:

Pf‘op%:%’oﬁf Ze/?/"\ P be 27 Ibé?'/‘) P22, ﬂ@a/ Lot~ O<xe<d,

72&0 7%24‘(:‘, s & Sequence eimlfﬁ!%/‘f fan} o O dp= p-|
Sor adl 7 sid Hod 2 = ___’;'-’,’,—

7=
FProo5: Wm}y Ye cage =0 causes mm)SMﬂJJO et 1
Stuppese Hoh O<ks|, Ll wi'f ms;mﬂl }-ﬁng by fhpubﬁg
By Hhe archemmolion pm,aa‘%;, we cen choose M;Jné;d 4, Such

thats %.::;z. and a"o” 2%, b 270, it Blouos

that~ @,20; apl sioce sS4, e have a<p Because a,
5 an :Hc?@r, This means ot a < p-i,

Ne«:k'k\,, OAQO% ay #o be 7%9, /@/;e)sis ihi‘%c&/" S 1’5};;%8
-%' + "%“ <%, S/aea/ﬁfmﬂ/, wse. He asrchemeddion F”‘S’P"Z”‘J)’

ko Find wn intepr 44 sud Mok W LB TR S

S"'nc,e, Z"%‘7D, l:j-l: ;co//aw,s 7%4% ﬂ7_7/0, 5/:{)62, M;g‘
e have a,< p-| (Loby?)

e See
%f\ Ay @, < A + ia_?-_"-_'



(R1)
&), /foafua}/pn we }aﬁ: a S’&gﬂencz, JZ Jbﬁgg,@fs {d,,% wﬁ%
Os t,< P-1 Such Hats

A,+]
-?51'!" +‘§%"< . ")O_l+ i p:
[ele)
An
Obw’aw,/ér 2 T 27 {W}’y?)

The serses Z f;; i calbd a base P (or P“a‘{’,‘#") decimal

=
e,y.paas:‘bn ‘[30/, 2 % /% Samaéhﬁe)s w/‘,'yén " 'gb Iéo/‘-;‘év JEDP/Y)
2= 0.0t (bise P). Jh oy nok boe Lo b Len/gue
(ecen Sor ordiary base 16 e il 0,5 = 2,444q...)

Notiece Hhat o YER, then YELN D] Dy vardeidir Hhese,

'S Some Zée [0,1] Sueh Hat = A+ ‘6):7%:_,@’"/( done. abese,

his meons, A,k '
I?A:mbag Y M”“"’”l‘”)’ 5 an by, seem oF raton, )

This s Jeod news ) y mody 6&3 e ,ay//a.t;a/mn deboifon
Number. | appears Hots oe may once gty msert ot
ol /s Pumber, 9, PM%W ) Jr man re kit Ale b MJ
2l #446 S22 17,/ costs
Tom musts allos He descripton S Mo woorld iodopms . $
Yirmy ko be b,



(22)
7}1.9, &m/olo_x Dumber System.

L have seepy Y ratbional numbers have cerdag, 54P5. We
hoe Filled Yoo o by exte, g He retiong) nupher SysPean
Rto he red mumber sysdem 10 muh o b Burlt. extenddsl ?
TAL /mjnméa’ s)méyn w/b.as LA ﬁo %aée, /bofé as.p 4/:)/ /Oo:a‘-ff‘x.e,
Temlers. Moro aboos %czjohs roots Jﬂtﬂd;&& embers ?

On fins & 3/&0&, /% WesTon seeps s W hae
learned Phat A 220, then 2250 anol J <0, M, 2250

%'/A&r’b s Some 2, 5“&4 ‘}ZA)!: %2:"", L«-’D}o&é/jz} ;'71 fon)p/y
Hhots 0= ot -1 7

Mecrr V. W WWC/'M Loere. /ucﬁny 0 mh'/az% 71/{4ﬁ

Guitiony Lke 2°+]=0 are Sty M Iptoss, There /s &
problermy o) 4 view.

H@we, Y O }zwfa’ ‘/%2/ JCWM ﬁxﬂe@f/ov’? #A Pé;’/asa/p&f 5 a

b/:he, mecy m» a o/wé reo»m) SW&A;‘(/A‘S For a Zo/a(j( Caf\ 7‘{;&17\ 1‘5
o7 %Q/E e ? y OLe /’7}%‘}-\ ‘%ﬂok 7%12% ‘%ITS /Défé?jb/ﬂw ’.'S' mgﬁ

his Fne. , b you are wiong ! Swppose. Hut~ He Ptem be
K blaol cats i\ He reom 5 @ sa/mﬁ'arf o HMe. C?/za?é’z’;a

2°-150 - 4 = O
This an ‘o Nt bopm

Zla-f-/ox-f—z =0

Lhere p=-/5 anel o =1,



(23)

Af’/"))'"”g Cardano's cubic Sormuda Ho 2P+ prt9 =0
)/J’(/J‘s .

/ - 5 a b
z = V‘i’(‘?*l/f*%%ﬁ) +\/;{—(-z—/z +,—Z§-)
Since R=5 el 25"‘/, 'ﬁe, Mamej %fzé:n /ta/zzzzg -}'-c:)
2= V:’Z-f- =) & 31/;2"‘/‘7"—2’—

ﬁ '/%M‘P, ewre  flo /’aa’}s aﬂ ﬂ.zjdf'&e, ﬂméxﬁs, ’lym,q rook aﬁ =J24
doer not exsst ppl Fhe. ,om}ovSee/ Soltcb, ,45 a bag})aéZL

wasde N bnee Saﬁoose,, howseser, Hn reck K -] Jdoes exsst
Gl it b =T (becasse, 1o nagne. M i+ oloes )

T/wn /’73_!—-‘"" l/"T I/Za?—}_:/lll. TAQA&ZWL
z=Y2+nl + VRIS,
Sive we are cz%zwmfas M 1:?"’ <L, 1:7" Can 6& Séor,oﬂ

et (R+0)° = 240 el (R-0)% = 2M (of yoe mre v )
Yo hest He Aals, ask me ahhr clss)  Th.

z =\VTari)? « Ha-8)> = \g4y% 25175 "

Does #515 madke. sepse ? Observie, Hat- t/3-)5-cf—tf =0,
H@r)u?_ L’f :'5 & ga/;,j;(’a,; 720 2:9’

~hE~Y =p

&)/ ;'maﬁ,h,hé -H_ajl‘\ P A/daé Cal 1'5 i ‘ML I‘Domﬁ ‘1%6/ f/;zi:s??z”
ﬂ(}uaj/)/ ac)lrb/% ;aw’“z/q' -J’Abm



(24)

fiekol.

Ded: A complex number s an ordese ] par (A.b) LY |

real numbers. ”Orcfe/ca/"’ms hit (8.4) and (b.2) are
resecke] a5 duhnct 4 4l

Leda x=(4,b), Y=(c,d) be 4o wﬂ?oéma rumbers (e
write. 2=y o a=c and b=ol

defne. x+y = (c%-rc,, bfcf)

Zj = {ac,—é)a/, ﬁaj'f bc)

You Séaa_./ W/‘A’y 'f%:wz %46 M’m%‘bm of ﬂaé/?{bo a_@/

mu}}s}a/fm:ﬂfbn trn He et A CM/)Z@x Umbers oo 4 )C)@A/, Y 4
(6:0) aad (1,0) 10 He role ) 0 and 1

Thm  foc any rea) numbers & and b we bave,
(a,0) +(b,0) = (a+,0) . (a,0)(b, 0) = (ab,0)

This, He real numbers mas be wewed as a sibsct N
COm/Q&x /)méa/g’ K e yrce Ja r}é,/ﬂ:z/ﬁy (ﬂ,O) Ldﬂa A, \N
Oeh: /= (0,1)

Thm: (2= -]
Prook: %= (0:1)(051) = (’)’D) e



(25)

O 700 show Hat He Heditiong) repgesenttion oF
Comple. mumbers a5 Grbyi Cppinlert Fo (,4)
Thmt W a azd b are, real Hen (a,bJ = g+bt
froof: a+bi = (a,0)+(bo)osr = (2,0)+ (0,b) =(2,5)
Dl U a b ere read and z=arbi, Hen Ho Comples tum ber
Z=a-bi i wled He conjugate K 2. The numbers &
nd b are He real port and He inaginary part A 2., rerpecily
We stadl toride

a=RLe(z) , b= Im(Z)
Tht W 2 and © sre complex, Hep

(AY REE = Z wio

b) 2w =Z-5
€) 2+ZT=RRe(zy, 2-Z= 2/ Tn(z)

(d) 2% = a%3® A z=0a+bl

0&?1 Wz a Com/oéx ﬁmé&/, /s wé)gp)% VW/ML 12
i's Jhe ;zon-ﬂf?a;é% Squate ot of 2Zy Hak i, Izl=(zz))’?-

The 6)0”5’}&0&_ (M M;’Wae,/l&%) &e/za/ oto/é)a))‘ Jz“Dm 'f}{e’ rez
f‘oo‘/‘ 7%6042447

Node, o when % i /EJ%M Z=2 hepeo I| =22



(¢)

Thus Jal=2 f z30, l2zl=-2 # <o

Thm: [t 2 and 15 be wm/éx rumbers, The,

[R) |2]50 wnless 2=0, Joj=0

b) 1z1=/z2/

(€) 1zl =zl e

@) JRez|< |z|

€) |z+ed| < lzl+/) |

Froof: () andd () are Pmival P2 2= at+bi, w=ctd.
with 4,5 ¢, ol real Thes

201" = (ac- bl Y4 (acd+6c)* = (2%57)(*+d7) = 121°|wf?

or 1261 =(1211e31)% () Sollocos Brom o aserbon Kot real
roots s wosppes,
To proxe (), ot Had a%s a%+42 hooee

18] = VaR < V&% i+
To prove ), oAk Kot Zio /s He con|ugate K 255, so W
2wt 2L2 =2 f@[lﬁ), Herce -

/Z"'P}R": (Z+N)(§+/:5) = 22 + 2L+ Z e+ LWk

= /L}’?-f-p?l?{.(z,ﬁ)-i—/m}zé )21 % 9125} + }&_)l"z i

= J21%% 2121169 + (ol = ()] +4e20)”

(€) fo/dm)f' Z‘Jy ’}A,éﬂy SylLle roo?s.

—_—
—_—



10 Ty BT Complex pumbers, we coride

T/{,e, Jfo//owilo‘j thr oﬁ'}mﬁ }/&Mﬂrn rs A)ZDM/? s 7%& W )
Schwarz negual J),

Tom: B y..,a, aad b, b an complex numbers, Yo,

” &2 n n__
Ve 2
( ;é: ajbj = z ,/ﬂ{)RZ/bj}
J::f -_.-rj

ek Bt = Sa® 8= Il =Y aT

W b=o , Bhew b=-=b,=0, ade conchesson s Frisal,
Asswume B>0, Tles

0< ) 6o~y -—E(&,cb)(&gﬁ-aj}):
= b 2}5}4’_ 662ﬁ5 -6CZ%A’+IC/'Z/%/Z

= Bh-blc) = B(AB-Icl?)
Tots smphes Hat A - Jcf?50 s, AB > Jc)?




