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Here, #he cwrve on Fhe contorte) Seobree /s some Do abisn
o He horvzota) axs® Thot i , When pélﬁéﬁn@/) e

Curve 1ol ook Lile ffo pretes abore (fy. 1) |
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- Dhserve Hhatk we can olescribe He cylntes Surdnce by

.. Seme epation hthe form pox,y) =0, Jor exampl,
W Hhe Swrbace 15 « IM;"IL Cirsadas Cy /v, Phesr L7 /5N
mém%;)%gf 19)7 He Mﬂ(ﬁfﬂ'@” z"*y'?—l-:o tJAMle
JFoy) = 254931, whereas b Hhe cylpoler /s seneratl
by projectin fhe cante y= S +2cosmn ﬂ,ém:s’}i{e, _
A~ AN , ‘Mz, SZMM r’s /'o(eﬁf»;,ﬁ}feg/ b)i ’/’A& e,?/M‘bﬁ
Y =S =Blosy =0 and we set~ J175y) = =S x=3los.
&J:'}Z 7%;”5 ﬂo’/&f»’zsn, we can pé’ﬁéﬂ/'”?/hﬁ He reod carve MM
};5. 5 o8 e in bredtr o He c)//zhgf./cf surface
55"': ?((‘7"7:1)"2(’5’"’)’)303 worth e st éf B

{(ac,'y,z)f _ ﬁfar.,f])% = {(my, ﬁ/a,;_)‘* (%.,q)d/fg’

Wi oHMer words, e curve s Hhe e C = 55”% or
C = Sty bwy): yoey) =03, leonchially, He care
s just the orelnary srapd A F resthitesl Fo 2 domen
D thet 1s implic,Hy oleimecd by He reshion guyr-o

77,‘,& pre blem J f)lfzgj/h\s '%ﬂ. V800 &f)&’ mihima @P%&
curve C can P be stk a Jolloros ¢

bnd Ao maima 2zl mivima F He Fundon 7= Foey>
under He tonsu it S(2, 9> =0.
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The matlemates Yo deals witl Bi problemn s
krown @ #He Gl b Constame. ] a/pfzmxmffo/z.
Ex. Mdentily Hhe maxing gnd misema o He Iunihion
fou,y) = (y—zg)g Under Mo comstamt y-2*=2

Soldon: letb D=Fxy)elk” y-x>-2 =08

Le woish o lefzp,’ Hhe Mo I mz/ ilas s of-cbhe Lt
FiD k. Ths i ¥ery gagy, because Fis constants on
D, Jor évzy pa:m"% (?(;\/)60 g-zg =2 So |
Fla,y) = (y-27)= 2°=4 Thus every ponts i /)
/s both 0 maxiirus g a ey

This  conclusion Mt alen e vlecrise ol %&M;’aﬂ//)/:
Recall 7ot the grapl of Py = (y-2)2 % o cybnder-
li'jec Structnre Hats /s obtadge ! [j)/ /@}’e (/5%3 Mo rrife
A=0% adoay e “ars? y =25 W bloios Hod Mo
Fuocton /s tonstent= ﬁl)/)é 4y Cimme, Mt /s pa o]
to y=2% The 2?%7"/ o P'p"'}/e /s j’la’A fle e z=14
o The a’f?éfﬂff&ftc 275 here 24 Fhe axs y=x?+2
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£x, th the maxima aJZj minima of He fm%&:xz j'}a_',y)-:-,%s
under He conshant 22+ -Z—R =

Solution: (e wish ke 6757‘5&49:'212,'/){& function F: DCiR*> /R
where D= j(z2.y): 22+ £ =11}

We can parmmdrize D with He path Puncson

ci Lo, 211 )% given by cth=(Gh, BSint). I otler
words, for eacd point (2.9) € D, Here exists some t€ [0.77]
Swih Hats (x.y) = (s, 3)5;&%).

Consider e Punitvon pi Lo, 2T] —> R 3;';%9 b)x ,o(i)—.-f{c(t))‘
Intiblely, you may Hoin bk ok He grepA Hp as He wacorko!
proph oF SO (Yt ke Fy 4 s He uncoikd
W/ . 5’9,2) Therdore s e 15 2 point ovel whid
p has o local extremum, F ooill have & locad extemum
ovel the points (%, %) = (Cost BSmte ).

Now pit)= Pllst,55nk) = pioshspt. = 2 6mak.

Db sere Tt -;%' S ?,"%"5;’/)2#% %‘, T&csf atteins /s
Mmecximum vedne when pEd=2  This Aay»/om Lohern
t= U or wheo = ToT= L Sinibr reasoning bk
Fo He condusion Haix P aMas 11 min/miem vadie of - 2
when 1= %Eof(,g)zw%? ﬁ=%7£|
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Cubic ,fofma/{a, e can sole Sor %t‘.?__-obi't&):f)
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) = (R NEC#+ VER HE)* mﬁﬁ % ))
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As M?/)’ e He abor Siennidyonm /s, ©e wwdjn? hove
M/z/ﬂ.nc,uj e o +h /4 sfa,g,ﬁa 7} Hhe w,os%m./nfﬂ wies e

yo+ 25y +2b =0, aﬂ/mwg[) on $irs? ylaoee , LF s boccly
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JJ’S%I'/?C‘) 1i's /m,éa/e from s /O/BeZL 286/,

The method A Ladmmya midtiplers ., tech coe preent,
bedowo, oSers an atternatie af//me/ to He /opaélz,m % eli}

&905’)’/‘&4’]’\2@1 DFJ:'W?;’ZA_J/]/DJ), % Séou,é/ 13& C‘D/?S’/Wﬁe//
toheneser the explicit method b pmm&‘m%?a e conshmni=

anal 'l%z//eé))z reduc He bl A
fm Y = Vd%‘;’a,é&
C&JW /s ’bwﬂmj{é}ﬂ_ hf

[_fjé; )?(fz,y) be a scalor- valieod fémgéb/) Hads Loe (45 h
to optimize under e conshami Joy) =o

Leh D =000 §ry) =0% and suppose Yot a=(2,0)e
D /s a )901‘01& ot wahich, The restrctel FMO"-L?E)/? F: LR
hes & pa#ﬂ'}év/ MOxImurn of mmimur. Thats s, Secppose.
thatt Jor some (/Joss/évﬂ/ wn ko) parametrizaton c:T->0)
ner ael) e Supdon P = Fletr) hay +h oArinbie
P =0 ak t=24, where clt)=n By Fhe chain

rude
pllr) = VS ) (%)

So

Rbl=2 ) c’(h) = VE(a)-c'(h)=0
jmp Mes Hods VECHD)C () = A

% G/Ha) -—,#0,'}”)\1/17 %amiﬂcﬂ/’/y. ‘Mb a/{:% SJQ,J&”;@/;%\
z’m/o//b% Hat e ?mJ/eni’\ N P at a fs o/“)z/)ogo/mj Fo
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‘/'Ae, %&09&0712 /me, to The. constram- a (%y) =(a, ,d-z_)

(See ’[’—’jr ).

Dbserve pow et ¢, Ths mesns Hat He -
05 ¢ s Jydoy in D= Jey)t g2y =08 Therfore, g(ctr) =o
for eeery keI, By the chain rule

f}:[j(c (+>)) = Vg(ca:))- C’(#) = L2
Sor eery ;ﬁeI
o particaler, V() ¢ '(2a) = Vg(r)-L(ka) =0, Again,
Wclha) 20, s means Hhot= ZIONE M&W ko ¢t
Bk o :

vha) L C(2a)
anad 7 506> )

where VB and Vo) tre vedors In /Ef we must condude
Hu #243 wre pocelle] ve tors, Now, sihee fm/u vedors arc
Lineer Jy Aepensents, Hhere must be some scader N swdy Hat
3 Vilay="aVga) -

This scedor D s known as Faglary m"/M}OZM e  stmmosiz
our work ia Me Sollocwrx theorem:
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@0517‘m.¢b7!:): Swppose ok ﬁfj LD s He restriction
;Lsam }-’ijl"bn P:/ER“‘B’K b)/ 1%?, wﬁsﬁam# 8(2;7) = 0--
” ZZQ’E D /s a c:n’v’.«’cw/pami oF f{j o PPeay /s wundehned

Vi@ =3 vy @)
For some scadar e jp

Yy A

- O (of" {(x,y)t ?(9(,/\/):0?)

=1 6L ) NG

- ‘/’MSM}: &j; a WMQJ Ay C)(A'a)
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aé/iﬂ Aa,s & U JUE of‘MaW line thatn /héffedlﬂ A
at a. Thus, all petons p&r/@ﬂ/ﬁw&f 7o b)) @l
Imeecly depen dents.
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Ex. Fiod the mosim anll Hhe minimwm values e/g
Fx.yd = 2 - KXY Su/éj-’ed‘ to He constant W'&’?
2% y2=q
Soludion: Obsese, M $r55 a bueor /27270 VE-S 3%/M£
s Uhtz.y) =(1,-R). L& Jixy) =z Ry -9 Thes
e tonstram Wmn /s 3(2 /) -D Nows [757(4& )/)-
= (%%, 2y) wnol wse s

Véte.y) =nlaxz,zy) (1)
2°+yR =q (R)

(1,-2) = (2=, 5?:() ()
Then | | =20 and 23y ="R. Mibhplymns
the birsh eqppation by y, we oblain y =(R3y)% .
By e secons| eatron, KAy =R, Thus, we olbstain

The W‘:’” y=-Rx, Sulmuafhg Fhe /JMW
into> Hhe conshart (e R) ., we }z,#

22+ [-Rx) =9  or
=% &
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Wb thit F( B ) = d (5-26) = 5 bk

) - b SRR | ] . I /
}(7;; I/TS") = _I/é——‘ /Aw;’ ﬁa/fﬂmﬁ p/ 4 mA%;':/Dm Vd/dde,

oﬂ % oM*ML )00"’77& (’w’é,#ﬁj—> ﬁ/@( A PN U l/d/éf.
of Hp over Hhe pork (T o).

Pebore wie g2 o, WWX’S are h orde s

Remark {

The problem we qust solved codd eas'ly be Aealt oith by
+he Ae A methood. Thee Sunchon we ]w,Zli o/oﬁ /zu/mms

be —Mou,sj‘%; oF 235 He /E&’v/*l/ﬁ/ke@/ﬁhy& ~vanuble Swtion
PE) = 205k -65nK |, becawre He' tonshrans, = W’an
25+YR =9  represenis He st pf(af,y,z)::r?+y"-=ﬂ73=

~f Gost Bk, 2) ¢ e [,27]

gmﬂk R
(hen you are soloix o problem with He method of Lagpeng
muthpliers, be swure 4o keep an ,bm,é,,,), of your old espchons
A common mstake is Fo Jm/) the ololer W’bn, once
L s usedd e Aerisadion of a fewed | Sesjesl pne.
Remark %
The method of hagrens muthplers is sesssprd 4o relenkly
cribeal poin ks, These cr'bead points are noh neceBar '/7
exheme ponks. Thats /s, 24 DE(.4.) = 39(%. 1)
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for some pomt. (%.qa) Hot satedres 3(2,%)?1:1!‘ doerl
Mesn Thete f/é hos . IRty oF & Ay over (%, )
Ex.  Fad Yhe mocimum gpd minmem o £ }’/Q,y) = Silxy)
Sa/éjwﬁ to The constmint VY] =0,

Soldion, )k YY) = Y3+ 2% 41 They

Vi) = (2zy, 3y%2?)

VS(z.y) = (&7%3&»5(1"7’), 2% (s (227))
with the Legrense mlpher condibon, e obdaw Yo
fa//ow:uﬁ puarons,

Az y los (2%y) = D (Rey) ()
2%0s(2%y) = A(3y%2%0) (R)
PRyt e (3)

Db seiie. i Wbo (%) }Im/?//@s Hak y#0, Netw ako

thi F 2 =0 Hen y=-| by cpwatsn (2) Af (0:-1),
;(Or‘)) = 0, Assieme. M 2 #20. Then W'DD () fza/aa,u,

bo |
Cos(3Py) =2 ()

Pleegg irg s vake mro (R), e obtam
2 Cos (%) = Cos (a""/)(by‘“z“) (5)

w Gs(x%) 20, ¢quation (5) hecomes
2% =2% 2%  or y=o
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Since y canmsc be W% O, Lo must assiume Hht-
Cos(2fy)=0.
TAM ‘.2:)/ I"'R'ﬂ_ﬂ fof neZ or 2:)/: -—-“'fp?T/? For -
nez. (G).
Notice Hod. we can reiarife @;Mrbf?s (&) w5 Won
(53} : Y212y +| =0 imples Fhois z"’y-—--(yh;)_
Swés'}f-}udgka b later o epations (6), we obtars,

-(y3+l)=I+g7ﬂ7 or

-(75-”) 3 v afn
Mence y=- (T+2Tn+1) % or y = -("3‘”+,27‘n+/) Sice
XY =T rgqiy )t oloeos Hhats xR =-(Er2T0)5E 1270 ).
Hovserre %Mz 5 & problem: 1§ n<o, - (2Z+2T0)>0 are
(37—+2T’n+l) <0, ,m/a/); oy Hat %< 0, ﬂl?c/éxj zhv/agsgjda,

%

W p20, —(E+g70) <0, hile (L-rﬁnﬂ) >0, oqan
fm/)(yyzs 7%#‘\ > < o. A Szm/éf Qﬂﬁ&i/s Shows ’/Aajt 7%2, Sa/m(/a!)
y=- (%_**;2 NI+ /) ofa&s )2075 was"/é 7 éoﬁj'mmé«an w:# —}Ae,

WDO ;za?)/ I+;77"/p
ASder a//l 71'2/5 ,:oc:/‘A) we ale Wﬂfﬂ&a’l W/‘/A Hhe 9/1/)/ eridieal

pw‘nﬁ 5 (0:""), 2 ’%x’s P.o;hﬁ a /aazJ max ofr W) v /\/07452, ‘Mﬁf\
S:or pamﬁﬁ (%j) SM:&?\/}V;S 7’%&, COOS’?ff‘ﬁ./iO‘z'\ y3+22)’+ =0
Sin(2%y) = Sf-n(:[r?ﬂ]) =-Suly*+1) % (2y)is chse
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to he poink (0,-1) | Hhen,in packater, y fs ihose 4o - |
cnol Y1 % chose B o Zﬂ)’}-—l? -S/n(y*+1) <o o hile.
Wy <1, =Smly3+1)20 . This (0:-1) is a saolblle potrF=.,
Vo is nesHor R I0>00m ol & ymbostnue,.
Our lenghly soadysis rovak Yo Sin (2 ?y) conshanmead 1o

3‘*21"'“’)/-!"} =0 /zas ﬂ&;}&fé(ajmx rol é)c.a//mfz TA&/?PSE-
wWas oo AM $or 4he | Jau/'/)ey

How cen wie el wohen a constoame.f J?Mpéaﬁ ’Wé has exteme
ponts? W the Curve H(ZY) =0 /s chosed (for thstance a cnele)

Hon the nm;mmﬁq,/mbmm valduen o § f/ et
/ & ac ‘}'
pon?s Thats are Soldons Fo o .

Vécx,y) = V4 »)
3o g =0,

W oMer wordk, * Z, %, ..., T are Poe peints Hudh satily

Hiese bezs Men
o Sy) = moas §Z), MR, . $EwE
5(’*7‘/)"39
and

min 3y) = mon JRE), Bz B
5{9&,7) =0
Morc /, 1/? 7%2, U Ve J(Q,y) =0 /5 éoa@ég/a/zg!

L5 MM/W /s an oped wﬁ, Hen we are ews;o@/ 0?7%2«
6)037&@'(/7“. a?’ &M poz/f#s, 67 7‘%14 exM-z/ax/ke_ 7%60/3/3’?

T/Jb P/'oo.pap '}4/5 %4&0/‘&;7) )’l’xjatéfy?ﬁ '//{g, 75/90/02/@.,/ Czwcﬁfil »?/
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Com/DC’(C%f?GSS’, (,..?}7!”04 you ;J;// S/Qg/y n QOAL/)/S/}, for oo, L‘}'

/s b&y@ﬁa{ outl Scope.,

Tfim /s one more issue ‘féa:#\ Loe IWJ aa/o/ﬂ&se /x/fofa LIe
Col W//ze, /\ﬂé/ﬂ/}ée’j 51‘}%2)/ Sor rM:‘Bnh{S c,f;‘#/mj ‘
Pomfs, 5#79,005& Z?= (a,b) /9 @ Sa/af’bﬁ 7%:7
Vit=.y) = A Vi (xy)
g(?,y) =0

Co/f%pona/:h(j to & SCM o T/mﬂ‘/s, Sétﬁoos&
V(a.b) = A, Vj(a,é)
J(ﬂ,é) =0

Loe ssmiled Jike. Fo M/p g test= Ao kit whiber
(a,b) 15 « loaaj max, wun of zzez‘%»f,

Thm L & and D, be sobdions Fo
Vi) = AV j(#)

§(#%) =0 |
and bt (D(%.2) = HEtxe) - A Ky, wohere HF mJHJ ace
‘}Av_, Hfzﬂr"&ﬂ mA}m’wz &F ‘}AL m}«zc,%(/e__ Pkﬁo'éﬁms'

’. % L‘-)(Es %) "9 PDS’.}J}/C DUM'JJK«, 7%0/7 P(Ef) /s a AC@/
n?r??ﬂmum MQ_/M @ﬂ }1 M% 3(«1)’) - O

;2_ Zﬁﬁ(ﬁt Db) /s /Zcéajéfl@ Mﬂ?’h'z&,’ %&ﬂ ﬁ(z) /5 a ACﬂ//
Mex<)mum value oF ;azév)s 3(%,)/)—_--0
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ppoaﬁ: Lk z=cl) be a peremetrzation of He leed
curte g(x) =0 such Hatk clt) = A and c'lh) #0
Let plt) = Hew), Then, by He secondd- dorimbie. 4est of
5/'03/[6 Vel tabble CA,/M//M F(E’) _./o& ) s locad miame

valve A p'l,) =p %ﬁf”(éﬁ) 20, bt el s fes) s
¥ plh,) <o,

Now,
S0

c( % 25 7
P() = 4 ( VFicw)- c’(t.)] [ oz (c®)c; (i‘—)]:

[
& Z 7z (C,(i-.))C (i-.)-r( L (c@)e C(?‘:))C () =

2

5
> 2. 2 (cw)e; ) + Z (V?"?»'(‘(*))'C/(t)) G =

' ’-’-i
1=

VECEw) - c't) + ') HAled)c'th)"
ThereSore )
P = VS(R) c(ka) + C'lhe) HH(R) (c'th)),
Letbing B() = §(e®) , we see Hatn LEI= O (Lohy?)
Notee ot
L7(4) = V&) th) t Clha Y M@ (¢ G U) by

Smiles rewsoning o the derivadtio )
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5;]/)(,@ 5(7‘)"—"0 7CDf &/l 15\, 7’&5 ﬁo//ams ‘I%ajzi 5/’/{,)——-0. T/)/;
Jatber W‘Dﬂ con be rewrten ax

VI@D- ) = - o Hg@ (i) (1)
Le /(ﬂDbJ., éy ;‘77/907%@;3,’ '}'Aa_}& Vf{a):: )OVZ)(@). (Q)

TWVE,_@M majé)'o/;/;bﬁ Wbﬁ () 19}; o Me/ mg/z,'/za we
ofF z'a(b/)?%s/ R) e ocbian

V@)~ ") = = lh) 2o Hy(@) (1))
Theredore
PUh) = VRE)-ch) + ¢ (k) HB(R) ((4)) " =
= = ULy ﬂj(&")(d(ﬁ))l ¢t M) (c’(zg))T s
= Hra) - 2Ky e )T -
= () (@) ()T
Sine Cla)#0, e know from JM;&M 2% thats plt,) 70

WWI‘ w(E1 20? ’s /00):47,)&- ﬂézﬂ«‘]’?/ge &V&,//o//(é{)-qo w}yﬂw
DR s rgatie - debiniy

Ex. Sl Hhe. masimims vahe of Szygy = y-xc? Sbject Jo Hhe.

oNstrant- - L

Solction: Vi, y) = (R, )) o % (2, y)= (11"27)) SO we

Myues? Solue. (1
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V4 Y l’aam'f[)h:s W{an (5) ;'/Hlo 1%:, ;a/‘m
z=y2 (1)

We f«"?o/ace, X Z)y )/2 In W)bn {I) to oé%aab

-Ry2 =2 (9.
Plasgng This icbotdy into equathon (@) we gt

| ==R(-25%)y = 4y (6)
Than, =478, 2= 4 apd D= RN T packades
owr oty erye ol Fo;b’flfs s (i,l“'%’ q"’/’é).
TAL /QKJ"&:‘? mﬂji‘)’m are

Hf(my)=(": z> and  Hy(xy) = (0 0) 5o

D -

i, ), 247) = s, 1)k Py )
= K 1
( O -p?-‘f&’>

7}7,’5 /5 n%&of,bt Mfm'gé) sD*/Az. INAIDUIN) afﬁ Swéje(jl -}'o 7%@ |
Constanit is F{ "I-a? Y ‘%’>



(19)
T/?us Fc’c,n, LIE Aéux‘ﬂ, 67%%%/ ‘Mc, 7‘564/7('?/@_ c)f ,La afamée,
mu/‘}:}o)ﬁ{,rs n %AL Spéﬁt’ﬂ.jw 0}1 '/WU VWIMZDS WZ‘// oA
Constrat, Jo He remamnder of Mk Mﬁfsé/ we explore
Hhss '/coém’zma, " more QW@/ 50/%0155

Three variabies azid snd. CZ?DS";‘ﬂfhé

\Sb?a/oz)};e, ik we tosh o O/f};’ym’;ge_,- Jz(%,/, Z) M@é/‘ Fhe
ConsTrasn (7(94 /,2,-) =0 e wnsvgﬂaffo‘/;\ Wa@
/Ioo/p/,z,'# Lhnes a swrboce wohid, can he, /&WJM g,),
& Sunctivn oF too bopen b nk variadoles  Jor exampl.,
Steppose Pt 1e are YN Fhe cons s Wb/)

K2y 1224 =0, Theo Hhn aton s « sphee o §
radics 2@ with center st~ He orfm, e can Pmm‘}f"IZL

Hhe sf/w/z: by Yo (swrbace.) Snchon c: [0, 27]% [6,7] —>/¢°
spver by C(8,2) = (28 Coss, RSinkSps, 265 )

Lohen we are able o Snd an ex/o//c/% poremetizakon C(s,2)

of Hhe constrants Surbace G hz) =0, The task of /oaz}%
the extreme valkes of Hj recluces 4o 0f‘a/dqafy a}mﬁﬁﬂam
of & scalor Va,/éw_‘,/ Seuncton o} Hoo veriabls ﬂ/&m&/y, 0/9}7147;';1:'/13
;Cb /s eﬂ;&cdxwénii ko He task o8 Szuzpffifs Fhe masiins onl
minima oF pls,2) =f(c(s,t.)),

When e Surkac. Fundion C(sst) /s not~ Known or %
P(s:2) = Pletsed) fs fifidb 4

’b/)'

C:d/”/éj}&{'o/)
4!3')97'2»''»’.?:J','z,e_w e ma y f‘CSrD/'t



(R0)
to a diflereats S‘}m}az};
Observe, thats g%y, 2 = D 5 X yéamé—éan,/ P 3
e 5,(2"71 %) 3(%%7\) =0§’ wohich is e O-lwe//
Scrbace ofcrj: >R . Recdl Srom (/Aefﬁ%c/‘ 2.6 Hat-
- 3fa,fff;5ni o & dferentialle Lrianksnsts W/%OJW
Jo He acmdébﬁ’j Wfﬂfﬂm. Mo e ﬂzﬂ:c/s@&, oh 2= (a,,a.4,)¢
€S,, Hen V@) 15 perpendiudar fo He tangent plose #
the surbace S, b Z(ser Fg.5)
Suf/’ose oo et JC{S bas & lecad mas< or o local mibr ats 2=
Le b C(S2) be a ,oass,'é/y wn kporn) parametrizaton of 3.
it Cah) =8 Jor some (5a,4)680% Define U = C(5, )
and vV(E) =C(%,2) Ther % and v are /mﬂ Srrsctions,
Lt k()= J(U(9) and ple)= Fluh)  Obsesse St
K(s2) = Pll)= $(R) /s an extrome vatue of %, Th/s meons
theR K2 & 0n extrene vatie of He Sngle-vorsatbk scades
Suoction & ad Plk) 15 an extheme vathe. of He Sibgls ~vass'elis

Sceler J, che . h
“ncrel p, I pordie s tor f,—’f—(s&: O ot %(&)=0,/My?)

by The chain rute. Js, fples, Hads.
dk

O= T5 6a) = VERA) %'(5) (1)

0= ££ (8) = PFE)- v'h) (R)

w /IW/(5ﬁ>xV}(ta)//¢0, we /)’de.oS tonetoete %/Jj'—



(&1)

L w(Sa) and vik) ave linearly inole pencent. vectors

in B>, Do particalar, 35,) #0 and vit) w0,

2. YHZ) s Gr"}éagcmﬂ/ 7o any vedsl of Yo Form

SU(s) + K V’(!:.—.), S, %€ I particalar, VHA) i ﬂ”%ﬂjoéjo'ﬂﬂj
fo Hhe 1nogent: plase o He sucface S, ahs 2.

3. Recadl Hut- V5 (B) /s ahoo 0/‘%02@%/ fo Fhe J’ﬂo{s:e,/ﬂ/l p/m
to the surhace S, ak B, S ol vectors s R perpen i cedar
fo & plane muck be /:h,ea/‘// o&,ae,naé/zfx, V't Sellovos 4ot
VAR) anel V@) are ncocly depertot. Thes Her mucst
be o scaler N el sy d Hhot Vizy = yvia@)

e hewve Proves +he )Co//am,hs J/,p_ ores ; % #)’
Thm ( L%‘%ﬂé{‘ muH.e'Fl;‘ws ' three veuriedles oand one. onstrants ).
Su,ffagoz, 7’{'}@}\ 5"/5 ' 0—5/2 (s %/{—E. M*I’J'c,‘/ﬁ’bf? a? Some szu?cjéo/)

Fip’> R by Fhe constramts 3(%)/,2.): 0. Theq acl) is a
C/'/%’U’Lj P()J’)i: E'AC p/é ng Vp(ﬂ) /s MM,M,{J or W{’



RR)
Viay =3 V5(4)
Cor some Scalor €K,
Ex, (Thomas H. Barcr) . Fiuod the msminan value of f{q’,y,g) 2
= 21+y1429 on fhe sphese %+ yie 27=1.
Soludiont The constamd seb /s close and éaunﬂ&,f, so ¥ w#a,m

5 m/2h revnes vadue on He Sphere., ble simply $nod adl sohdsons of
‘Mz SyS?L&fn 1

V=2 Vo)
5(9()-—:0
oo evaluate F o cach vne. The poirt (s) ),/&/5/,,,3 Hoo smalloi?
!/ﬁ//zu’_ (,9:// joe, 7%2 /oaa,ﬂ’a/)% nee Seué_ %
Fps#. VF = (422, 1Y% 4z?) and V(‘j = (Rz, 2y, RZ.) Sowk M
sohe Ya®>=Rrz
't =22y
Yz2=20A
22+Y1+’22—; |

Z?ﬂf’vﬁ/(ﬂ'n”l/y, - (;QZ’Z- ) ) —

y(2y%-2) =0
z(2z%-2)=©
2‘?"}"72‘-{"2‘2:)

/\/D-fa///ap 2 Y, é’(/Za/Z ean be 2ero [&JAy?)) bajz }wu//lﬂs ény
pa/r of Hese variables egual zosw Silbes a soletion.



(?3)
For instance , =0 andy =0 sats§y the Fist Hhoo eueations,
These values th Fe Fourtd W""” Jre R=E1) so0 é)f He
thind epation A=R. Thus (0,0,t1) with D=2 are 40 ponis
at which the mbaimam mayy occed. Sin;larly, (0,%1,0) with D=2

anel (£1,0,0) wth 3=R ace Pour otler points cohere Hhe
Mt em may o,

Szw/zj, tons iAot Hhe instances wohere e-xdtc/‘fl/)’ one of %, ¥, or 2.15
Re/o. W x =0, a/)a/ym,,/z are 2ot .26/0,7‘741,/) !97 Hie second
and B eppotions N St'oéﬁé'?{(_/ﬂos P45 into He Sor ¥,

6?7“”*"‘3"’1 e huve 2)/'?‘—'/, So y=t INZ  So we obtain (0% )
aacd (0,2 5) a5 posiyble bocadons of mmima. (1ohats are Hee

corrsponshng vaties ¥ D7) Spmdnly (40,2 %) and
(f‘Z-T. , i‘%’r; 0) fdre @)2474 more. Suil /92»})7%'
Lha/j/}l, com/g,/u‘ */%e_ zhs‘;&ncz w/'-% Jone aﬁ X, ¥ or R /s 2e/0,
by Fhe Sins? Hhree W’oog, ‘}/\M) A== 2y%= 227 /fu%h_s Fhss
> the Pl WEO, LJe ©bteu JeP=f Tl leats 1o
et ponth (r,/“’?; I%,I%) ot wohich ;mmj hace /#
P2/ e i MM/
Now e simply chock Aot |

f(z1,0,0) = £(0,x1,0) = £(0,0, 1) = 1

o 4e) - Rt 02 ) = Fle . 0) - 4

/ J |
f(*h,th.T %) =%

/'US{L?"’M ‘}'z@ﬂ?/bzb’)m Vﬂ-//t.b CJFIIOO%;/M oc%af
+he d%‘} points ﬁ%)t%)t/{%)— |



(R4)

T}\-C OPD//OLO’VPS W%bﬁ ﬂ&j&t/}ﬂ/y arsex! (an we Oé/‘;f/’/’?/)zz_ _}AL
A&AMEDf e)PQ Pmo’frb-’? ﬁaﬁ ’/jﬂex WM&X at a a’%ta/fz}:h‘}'

) P ’/'}\.L Con g%m e 0/ 0/97614‘7)2@752)/7 P/bé@/n

N /m«h )3(44,)/, 2%
9{%%2)=0 7

Thadt "5, b we have a W;}&/’IM//{& dest in ’}/4/5 ;br}&na_.?
Tke ansued” s aﬁ:%mdbe*) :ba/ao/%z. ﬂexzo/% /s ‘/%z_ Same a)
for 764.& %D*waéé Cese
Thm. [ FUck?> 12 ol JPUCUP= R be dilentabie,
o] bt ael ant Y, be sucd Hui
Vi@ = 3, V§@)
2(&) =0

ﬂ w(a‘s )a) = //F(a) = )}'{5(&) /s }Da»%b& c:’wﬁhz"é ,‘}Am JCA&A
o lecad mmimum ot a alonf the Surbace §ixy2) =0, W

(A, o) s W&c@ aéﬁh/p[e_, Hen Fdas a bmjm».'mm ot
& edony He susdpe 302,9,2y o,

Pr‘aa;-' Lk (ﬂ’,y,z) = C(S$,7) be a PWMJ:":'WZA}/W" of Hhe Serbace
§(%:y-2) =0 Such Hat C(5u ) =R anod Suppose X %55 #0

Dedme pls3) = fletsh)  Then VPOnh)=08. Also, it can be
SA‘”’"’D 7‘}‘4} '}}‘-”— }(Lﬁ{;’&n W-”)( pﬂ/‘ﬁt’vé (S’a,‘}a) ,'3

Hplsia) = Jc{sq,ﬁ)(/’ff(ﬁ”) - A /fg(za")) (jc(ga,ﬁ))r
%’L Can be S/Jou)/) ‘}Aﬂj‘}})/g m,é/‘;is( /s )995;'7{“8—"0/,265&“%



(25) .
Mﬁn:’?(: b ont m// & H(a) - )oﬁj(a) /s /905,‘7;1,@- on /I,(JJJ{M
Jefmite.

I Fﬁy‘f‘, #/5 resctt /s ;4)‘// Prue J m hoe a Vuncton Fo? N

variebls and e smgle &m;?‘mm%é(g’%”w%) =0 (n Fhe
N veriables.

Ex. 2/? 1N FD/‘”?QJ/DO 71/1,80/‘)’, ‘/'Ae W"Lm/o)/ 0ﬁﬂﬂ Jb)[a)bfm,?éb/) Sou/lce
(€3 *he stream of consecutie ldhrs in a novel) s 4 messu e of
1"/4, C})SOFJM or /%/Om,az% g"y %e, Sowsrce , It /s Jeﬂ,/%/ /g ée,

n

E{‘Z,,%,_“, %,;) = "4/%; /ﬂfq LJAL/E x: ’s 7‘%@

=]
Pﬁvémé:/lé/ a[ 741/43 oceurref)ce af: 7%& 1'7’/: Mcf N 7%& Zaﬂp D/‘fmdé’an

Sowrte, The W%’aﬂ ﬁa/m/// arkest Lohat- thoice of the
p/’obaln’//"il:bs Y 4 (;Jf’// MAxm)2 e 7%e. me)«? &Jc an s e 7‘/7/;
05 o [oﬂf‘/‘/}q,w @ﬁMJ’szzté‘m /oﬂaéZ&nﬁ:

Maximize E (%, ..., CB,,)

First e )Q/Qaj
VE == (o, +1, bomy+, ..., bnaa+tl)

Vizr o+ +2,-1) = (1,0,...,))

So Hhe pﬁx;'éé_ extrema ocend ohen VE =7 (I,l,...,))



(r€)
These are soldions 1o

_}'”‘F" = )
“hap~1 = A

LAY ..., =]
51/*’04%7#7, B B Ky
L'&ZMJ)D/? Vs

‘9 ”é(!{-?l):’

é(H‘:A,) fa_)#/bs 71'4/5 11071() 12’}.& ZM‘)’

1+ = (F)
N =-1- b (#)
wnd Z=x = =20 = 1. Does s cornespordd Ho @ maxinug
of E7 The Hessian oF E s
- f/ﬂ‘ 2 - o
o %, -+ ©
o O "%,
| o Hessilan o Mo constram? Porsation &5 L herclore..
Sivee |
wf? O v O
GEfhd: Aye | 0 A O
- P “n



(R%)
is nepatie debinte ., He gren values of 2; masinze Hhe
M’ﬁ‘f)fy, Thus 74}1.@ MAXS M) mf/b)oy s
n
£ ask) s s Sv R S

1=

Far ;b(‘}’&ﬁa’., meé Re- Lo Mer a///ajaéd) He. JNAR S Msern 5/77"""/9)#
Hais any soure cowdd proclice s InR6753.258

T hree Vd!»rz’a,é(éz% Mo/ -}wo Coz?s'/rﬂ;b%

CDI?S:’W'ML pméfem @? ?J//La/,hs WIA& exm aﬂ )E(ﬁ",y,z)
Szoéjad to fo0 constrants 9i(%.y,2)=0 and g,(x.y,2)=0,
56 OM!’&j/y K ’H& 7‘1'90 Q?/?a//')ébng mean JM (%y, 2:) mwsﬁ

e sl oy He cunte w wohich He hoo constram? sprbecn
nersed.

ty 6

J o & be 2 ,oo;‘oﬁ on the constradnt cutve at~ w/n‘(j

fohas a Joead extremenm. ) (2.y,2)= ct) /s a



®%)
/Mu\m/rz"zajg’a/) 4 e cre Sl Hat C(}d)";&_), Hien
the Susction pt) = Fcw) har a local esthemm St by
ASSumA’t] adl #e Bt vl o e JM&QM, e see
that 0= p/fh) = VE(ct)- c/th) = Vi)Y ch) .
W Vollowos Hate VIQ) is perpenslycator 4o He veddor c'tiy
Thertdore VEO) must e on He plase /by (Z-2) =0
(reprewoked by Re corcutec dile in 53 6)
Observe Mg, () =Jalcth) =0 (1hy?) Thus o c’'th)#0

0= Vg, (et) c'lh) = V(&) c'lh)
0 = Vialcthd)C'th) = V(&) -clh)

L T Vj,(f’:’) and {73?_(9“3) are 0/‘7%&2&%/1{0 c'lha). hibce
VF(R), #"ﬁ must= abso e on He /o/au clh) (Z-2) =0,
Moreoved, Vj!(ﬁ)-&/&a/ ij(ﬁ) % /;m.af/y inlepen sent-,

because The 'ﬁlﬂgzwi‘« /9/&403 ot 2 to fhe Swrbaces j,(a'.,y,Z)‘:O
Ma,'(my.,z)-ﬂ-a Are /20/7-—/%/&//2//, Zﬂfﬂ&f‘y‘;w) Vj,(i«")

el VIR span Hhe plear. (). (Z-7) =0

(:'.&. CWy (B -G =0 dan be desiniihed] pmm#/ca//y M.
R+ 5 VGEY+ EVILR) | S2ef) Sivce VSE) 15 on Fhat
Pleac, 11 Sollows Hut Hhore exsst sedecs 2,46 B sud Hud
AV (R)+ UT5,(R) = VER)

7/»/5 uu‘/;}ze,s a pﬂvap oJ? ‘/AL ﬁo//amhs %w/em,



(R9) __
Thm. Lot £,9,, anal 9; be Ailereitralble henctions on Y o
% The poirds in U satishyin Hhe conshrants
9, (%.y,2) =p

32 (2,y,2) = O

T sl fa}a:hg Jocad extreme valies are wmaas—}}uz,
Soludrons of the System of W'}?bo's

Vi, y,2) =2 Vj,(ﬁt,y,z,')wr-,u VJR(Q',)/, 2)
Ji(xy,2) =0
9a (2y,2) =0

Moroover. A (2,2 = B D=2y, 824 M=tlo s & solidhon
to the above epptons and (B, .H)=Hay ~2H5,E) - Mo Hi, @)
JFS PDSJ'%'V& M)hﬁé, J'AM pﬂ)‘fdﬁb& A IDCAJ 0/ mwm Vg_jg(,ei 7,32
w{&-ﬁ,;u,ﬂ%) ’fs /L%W @M;b,")g_) ‘/‘1&’1 ﬁﬂj}ms 23 A)CAJM)M
Va/a_e,i

E)c, }':laJ Fhe ] o Vadue of :E(a:,y,z) =
ff]fu@ &Jf'a.)}lsz 1!'14.
Intesgecd,

%'?1“)’2‘-#22 aﬁ)ﬂg Hhe
placn xrysz=| and Yx+2y-z =2

Sohdion: Owrconstranh ar §192) = 2 sy ra-1=0 and
Ja(Zy,2) = UxtRy-2-R=0, Ll hue Vf(z,yjz):-{gx)gngz)
V?;('ij,z\——- (/,/,I5J 2l Véz(%y,2)= (L,.?Q‘._)) s fae

mﬂé‘}' S‘D/ye,



(50)

VFfDVj,-r,ﬂVj,_

?; :-0‘: j‘_-.so

Thvs 2114% 7‘1-2, S’)/Sﬁénﬁ oﬂ W/’D/}&.’
A = A+ U Y (0
2y = Aty (2)
A2 = -4 sel2d
X+y+ 2= (1
1x+2y-2=2 (5)

Solving e hins? Hpee eqpathing for x. y, end %. oel schshidon
inte the lost 75.«)0, we objaly 4 S)S‘}&m of Aoo W’

o n tr00
I/M:éﬁz)wm :
I3thy =2
ba+2)w=y
Th's has solkbors D= — i? , = "‘;" Su/éﬂ‘/gu Fhese

bock o /) 6) M&Db"gﬁqﬂ
x=L (hequ)= £

Siree /43, o /’{51 =0, ’?"5 éasy 715 (/Aeoé n 7¢A /bs}énae_ #%7/"
Wit (Xy,2) = '32,;?,;?> N wod M= ‘}Azmwé»
WIE M) IS egpiad o )

/2 ©
0 X
o 0

Y Q O



()
Ths mubi s pohin, Ak 30 f(3§. 22 5)e 25

a bca.j PO m ey

v paj,é»s 25-3 werc 60/9/("4/ from” Vector Aﬂajyffsﬁ
by TAomﬁa }/ ’2)&/‘/' wf'—/% 00/)/ A ﬁﬂa) 1.0l afgf)gu
The prescatation fhot comes bedve my 0N,

”Ar/ca,j)/,



