Directions: Each quiz should be completed in 20 minutes. Please grade yourself harshly.

Quiz 1

§10 _ 910

1. Evaluate !(I_I;I’ZIW [10 ptS]
10 ~10 _ 9 8 9 A9
Solution: lim=> 2 ~ lim (x=2)(x" +2x" +..+27) 10-2 _ 56

=2 0 =2 2 (= 2)(xt —2xt +..+2%)  5.2°

2. The position of a particle is given by p(¢) = . Calculate the velocity of the particle at
t=1. [10 pts]

Solution: p'(¢) =2t . Therefore the velocity is p'(l) =2

3. Suppose that f{x) is a bounded function that satisfies

IS f(x)<5

Calculate lim x* f(x) [10 pts]

Solution: x* < x” f(x) <5x*. Aplying the squeeze theorem yields

0=limx* < lirr(}xzf(x) < lirr(}sz =0. Hence 1inolx2f(x) =0.

x—0



Quiz 2
N5x% =2

1. Compute lim ————— [10 pts]

o x+3
_l5-2
. X__ /5

fim 55 =2 i DU
Solution: 7 43 o x4/ oo i, g
X
xt =1
2. Let f(x)= . For which x is f{x) discontinuous? Is the discontinuity(s) removable
x J—
or not? [10 pts]

Solution: f (x) is a rational function and is therefore continuous everywhere where the
4

denominator isn’t 0. In particular, f (x) is not continuous at x = 1. Since lirrll X =4, the
xX—> x J—
discontinuity is removable.
) . 1
3. Suppose lim f(x) =5, whatis lim f(—j ? [10 pts]
X—>o0 x—0" X

Solution: lim f(x) =5 means that f (x) maps large values near 5. As x - 0", (1/x) - oo.

x—0"

Therefore lim f (lj =35.
X



Quiz 3

1. Letf: [0, 11— (0, 1) be continuous. Show that for some x € [0, 1] f(x)=x>
[10 pts]

Solution: By hypothesis, 0 < f (x) < 1. Consider the function h(x) = f(x)—x>. This
function is continuous, since f (x) is continuous. By hypothesis, 0 < f (x) < 1 and therefore
h(0) = £(0)—0% >0, while A1) = f(1)—1*> <1-1=0. Hence the Intermediate-Value
Theorem guarantees the existence of some number x such that 4(x) = 0. But for this x, we

must have f(x)=x>.

2. Prove using a d — & argument that lirzl3 2x+1)=-5 [10 pts]

Solution: Notice that —5 = 2(-3) + 1. Therefore |2x +1-(2(-3)+ 1)| =l 2(x+3)|. In particular,

|2x+1—(=5) < & whenever 0 <l x +3I< &(¢) =§

3. Prove using a d —& argument that liIrll(x2 -2x)=-1 [10 pts]

Solution: Notice that —1 = 1> —2(1) . Therefore
lx* =2x— (1" =2) = x> =1-2(x =D = x=1llx+1-2=E x =1l x=11= x=1/>.
Theretofore | x> —2x+11< & whenever 0<l x—1I 5(&) = e .



Quiz 4

x>Sin 1 if x#0
1. Let f(x)= X
0 if x=0
(a) Determine whether f'(0) exists. [5 pts]
(b) Is f continuous at x = 0? How do you know? [5 pts]
Solution:

- h—0 h h—0

0tk 0 thin[}llj—O !
(@) f'(0)= lhm(} SO+ 2_ /O =lim——%— = lithin(zj =0, where the last

limit has been computed with the squeeze theorem. Hence the derivative f'(0) exists and
equals 0.

(b) f is continuous at 0, because it is differentiable at 0. Recall that differentiability
implies continuity, but not visa versa.

2. (a)Let f(x)=x"". Use the definition of the derivative to compute f'(x). [5 pts]

(b) For what x is f differentiable? [S pts]
Solution:
_ 15 15 /5 15
@ 0 =tim I i i
_ (yl/S _xl/S 1 B 1 _lxl/S_l

e (e P NP PR s R P R
(b) The derivative exists provided x = 0.

3. Let f(x)=2x"—x+7.Find the equation of the tangent line at the point x = 1.

[10 pts]

Solution: f'(x)=6x>—1so f'(1)=5. The equation y— f(1)= f'(1)(x—1) identifies the
line tangent to the curve at the point (1, f (1)). Therefore y—8 =5(x—1) is the desired equation.

4. Does the equation 3/x =1-x have a solution in (0, 1)? Justify your answer
[10 pts]



Solution: Set f(x)= i/; —(1—x) and observe that fis continuous on [0, 1]. Notice that
f(0)=-1<0, while f(1)=1> 0. Therefore, by the Intermediate Value Theorem, f(x)=0 for

some x € (0, 1). For this x, 3\/; —(1—-x) =0 or, equivalently, i/; =1-x.



